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Executive summary

Algebraic Machine Learning (AML) is a machine learning technique based on algebraic representations of
data. Unlike statistical learning, AML algorithms are robust regarding the statistical properties of the data,
can use soft and hard constraints and are parameter-free. The aim of the EU-funded ALMA project is to
study the mathematical properties of AML and to leverage them to develop a new generation of interactive
human-centric machine learning systems. These systems have the potential to minimize bias and facilitate

trust while better enabling distributed collaborative learning.

This report corresponds to Deliverable D2.2 - AML Theorems II of the ALMA project. AML has the
advantage of mathematical transparency in the sense of having a mathematical structure that facilitates
the derivation of theorems and also in the sense of being able to understand what is actually learned.
We leverage this advantage to obtain a set of theorems demonstrating some fundamental properties of
AML. In the previous deliverable D2.1., we gave a set of theorems showing the properties of an extension
of finite semilattice to atomized semilattices by adding additional elements (atoms). In this deliverable
we give theorems related to how to embed a problem into a semilattice. Before we state their theorems
and their proofs, we discuss the embedding problem. We first give a definition for semantic embeddings
into semilattices. We then introduce four different kinds of embeddings and show how to use atomized
semilattices to characterize them. Finally, we give a set of relevant theorems and their proofs. Together,
deliverables D2.1 and D2.2. give the set of mathematical theorems for finite atomized semilattices used in
AML.

These results have been sent to the arXiv as a technical report:

F. Martin-Maroto and G. G. de Polavieja, Semantic Embeddings in Semilattices, arXiv:2205.12618 (link)
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Acronyms

AML Algebraic Machine Learning.
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1 Introduction

An embedding is a structure-preserving map that allows to identify a mathematical structure A within
another B, for example a group into another group. For such mapping to be possible, A has to be a subgroup
of B. This quite restrictive notion can be extended to the more general concept of semantic embedding [1,

]. A semantic embedding of A into B can be defined even when A and B are very different mathematical
objects with different properties and operations. For example, a group can be semantically embedded within

a graph.

Although the concept of semantic embedding is well-known to mathematical logicians and theoretical
computer scientists, it is rarely used to resolve practical problems. Semantic embeddings have been used

mostly to study undecidability [1].

Here we take this notion to the extreme when A is as complex as real world problems and B is as simple
as a semilattice, a minimalist algebra with just one binary idempotent operator. Despite the simplicity of
semilattices, we will see that it is possible to find semantic embeddings for real-world problems that can
be used in practice. For example, A can be solving a sudoku or classifying data in a machine learning

problem.

The word embedding is often used as a synonym of encoding. Encodings, such as written language,
usually assume a decoder that understands a rich shared code. A semantic embedding is a form of encoding
that assumes a decoder with no knowledge, or little knowledge, beyond the basic rules of a mathematical
formalism such an algebra. For example, encoding a novel A into a book B requires understanding written
words and such understating of words is part of the interpretation mechanism. The interpretation mechanism
for the novel is somehow fixed and rich. On the other hand, in a semantic embedding rather than relying
on a fixed and complex interpretation we try to discover an interpretation that allows us to find A into B.
Searching for a simple and accurate interpretation of A into B is a natural problem that can, potentially,
teach us things about A and B.

To study the properties of semantic embeddings in semilattices, we will extensively apply the formalism
of finite atomized semilattices [3]. In this formalism, semilattice structures (we call them here semilattice
models) are represented as sets of atoms, where atoms are closely related to the subdirectly irreducible
components of the semilattice. There are substantial advantages in using atomized semilattice models. For
example, atomized models have a linearity property; if M and N are two models of a set R of atomic
sentences then the model M + N spawned by the atoms of M and the atoms of N is also a model of R.
We will see how the atomized description of models naturally provides a framework that is ideal to study

semantic embeddings.

Using atomized semilattices we show that, for a problem semantically embedded in a semilattice every
solution of the problem has a model that is irreducible (all its atoms are necessary) and it is atomized by
a subset of the non-redundant atoms of the freest model of the embedding. This result reduces the search
space for solution models and shows that the mere statement of a problem with a semantic embedding is a

step towards finding solutions. Notice that a semantic embedding is only a problem statement. To construct
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a semantic embedding there is no need to know how to resolve the problem.

Semantic embeddings and atomized descriptions of semilattice models are central to Algebraic Machine
Learning [1], a machine learning method that can be used for pattern recognition as well as for combining
learning from data and from formal descriptions of problems. Constructing a semantic embedding is the first
step in this method. The embeddings given here can be used for Algebraic Machine Learning with no need
for further modifications. With these embeddings the sparse crossing algorithm described in [4] can easily
find full boards of queens, solve Sudokus or create new ones. Sparse crossing can also find Hamiltonian paths

better than a naive backtracking method !.

We have organized this paper as follows. In section 2 we give a definition for semantic embeddings
into semilattices. In section 2.1 we introduce four different kinds of embeddings. We also show how to
use atomized semilattices to characterize the different kinds of embeddings. In sections 3 to 7 we provide
examples of semantic embeddings, starting with a very simple example in section 3. Section 8 is a summary
of the notions from Atomized Semilattices that we use in this document. Atomized Semilattices are further
developed here with the introduction of grounded models in section 9. Section 10 is devoted to the theorems,

together with section 11 that focuses on theorems related to context constants.

2 Definitions

An algebraic semantic embedding of a problem P is an encoding of P in the form of an algebraic theory.
A semantic embedding relies on the constants and operations of an algebra to describe P with a set of
sentences. In this paper we focus on algebraic embeddings over finite semilattices in its simplest form; an

algebraic theory consisting of a set R of positive and negative atomic sentences.

A semantic embedding maps each solution of the problem P to a model of R and, conversely, permits
to interpret unambiguously some models of R as solutions of P. For each solution S of P there should be at

least one model Mg = R that maps to S. Such mapping is “the interpretation” of P in the algebra.

We use the word “duple” to refer to an ordered pair (a,b) of elements. We also refer to positive atomic
sentence a < b as “positive duple” and to the negative atomic sentence a £ b as “negative duple”. We
say that the duple is “over C” if the left and right-hand sides of the duple, a and b respectively, are either

constants or idempotent summation of constants from a set C' of constants, i.e. they are elements of the

ISparse Crossing [4] can find Hamiltonian paths with the embeddings presented here. Specifically, randomly generated
graphs with a probability of an edge between nodes of 5% are hard for backtracking because they have enough edges to have
a large search space but not enough to easily find a path that does not require crossing the same node twice. For graphs
of about 50 vertexes naive backtracking starts becoming impractical as it requires exponentially more time as the number of
nodes grow. Sparse Crossing could find Hamiltonian paths in a few attempts for graphs with more than 100 vertexes, for which
backtracking could take an astronomically large amount of time. Although the use of sparse crossing is barely discussed in
this document we thought is worth mentioning it to motivate the reader and to draw attention on the practical relevance of

semilattice embeddings.
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freest semilattice generated by the set C.

Definition 2.1. An embedding set R = R* U R~ is a set R™ of positive duples and a set R~ of negative

duples over a set of constants C. We refer to the constants in C' as the embedding constants.

Definition 2.2. An interpretation sentence for a problem P into an algebra is a sentence ¢ that uses the
functions and relations of the algebra and mentions constants in a set @ such that a model M is a solution

of P if and only if M = ¢. We refer to the constants in @ as the interpretation constants.

In the case of semilattices we can use to construct ¢ the idempotent operator ® and the order relation
< that can be defined from the idempotent operator. The set @) of interpretation constants is a subset of

the embedding constants C'.

For example, if P is the problem of resolving a Sudoku we can choose an interpretation sentence ¢ that
says that there is a number written at each cell and the numbers are not repeated in the rows, columns and
subgrids. It is possible to define an interpretation sentence ¢ without knowing how to find a solution or even

without knowing if a solution exists.

The interpretation sentence is assumed to be a first order sentence with or without quantifiers. We will
be able to build embeddings for complex interpretation sentences with quantifiers as long as we can find
a first order sentence without quantifiers, the “scope sentence”, that is equivalent to ¢ in the presence of
the embedding set R. The scope sentence has no quantifiers but it may have negations, conjunctions and
disjunctions. We will see that for problems like the N-Queens Completion, the Sudoku or the Hamiltonian

Path such scope sentence exists.

Definition 2.3. A scope sentence = for a problem P and an embedding set R is a first order sentence
without quantifiers and with constants in @) that follows from the interpretation sentence ¢ and such that if

a model of R satisfies = then it also satisfies ¢, i.e.
ZEARF @ and ¢t E.

We use the entail symbol, -, to state that every semilattice model of the sentence in the left is a model of
the sentence in the right. For short, we say that a sentence is over () when it only mentions constants in the

set of constants Q.

It is clear that the scope and interpretation sentences are equivalent when R holds:
RANp <= ZAR.

where we are using the double implication symbol to say that the sentences at each side of the symbol have

the same semilattice models.

In the Sudoku example, the embedding set R may say that there is at most one number on each cell

and that the rows columns and subgrids cannot have repeated numbers, which we can succinctly say using
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a conjunction of atomic sentences. The scope sentence may say that there is at least one number written at
each cell. An scope sentence for this problem can be written as a conjunction, for each cell, of a disjunction
that says that either 0, or 1 or 2 ... or 9 are written in the cell. There are models of R that do not assign
a number to all of the cells and, hence, do not correspond to solutions of the problem. The scope sentence
is needed to distinguish the models of R that are solutions of the problem P from the models of R that are

not.

In the examples that we analyze in this document, the scope sentences are conjunctions of a few
disjunctions of (positive and/or negative) atomic sentences. We refer to these atomic sentences as the
subclauses of =. We cannot directly make the scope sentence part of the embedding set because that will
require a very large number of atomic sentences. We will learn how to deal with this problem and build

semantic embeddings that can be used in practice.

A problem P may have one or many solutions. We can write:

© = Vss,

where every g is a first order sentence that mentions constants in () and describes the solution S of P. In

most problems, ¢ would be known but not the sentences ;.

Consider the transformation of the scope sentence to disjunctive normal form E = ViZ,. The index
k may take a large number of values which makes impractical to directly make the scope sentence part of
R. Each clause = is a conjunction of a subset of the subclauses mentioned in =. Every subclause of Z is

either a subclause of =, a negated subclause of =.

Since ¢ F = then for every solution S we have s - =. In fact, for each solution S there is at least one
value of k such that ¢4 = Zg. In case that there are multiple clauses Z; implied by ¢s we can, without loss

of generality, do the conjunction of such clauses and define a single clause Zg such that:
EsARF s and pst Zg,

so it follows:

RAps < Es AR.

Notice that some clauses Zj, generally most of them, may not be realized by any solution.

To be specific about what makes two solutions of P different we introduce the concept of a separator

set.

Definition 2.4. Given a scope sentence Z for a problem P a separator set I' is a set of positive atomic
sentences over the interpretation constants Q such that if either o or —¢ is an atomic subclause of = then

oel.
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Now we can identify a solution S with a set of sentences as follows:

Definition 2.5. A solution S of a problem P with scope sentence = and separator set I" is a subset S C T’
such that the sentence vg = A{m: 7 € S} A {-v:v € I'N S} implies Z and vs A R has a model. Resolving

P amounts to finding such subsets of I".
Definition 2.6. A solution model for solution S is any model of R A vs.

We use S for the complementary set of S, i.e. NS =T — 5. Notice that we have defined the separator
set I' as a superset of the set of atomic sentences mentioned in the scope sentence. A separator set can be
defined even when a problem has no need for a non trivial scope sentence. The separator set gives us the
freedom to choose what constitutes a different solution and to separate solutions beyond what the scope
sentence does. We cannot properly talk about solutions unless they are distinguished by the separator set.

Without loss of generality we say that an embedding has solutions:

S =78,
and then ¢ & Vgvs

We can now define our semantic embedding:

Definition 2.7. Let a problem P be described by an interpretation sentence ¢ over (. An algebraic semantic
embedding, (C, R,E), of a problem P with interpretation (Q, ¢,T") is a set R of positive and negative atomic
sentences over a superset of constants C' O ) such that = A R F ¢ - =, where the scope sentence = is a
first order sentence without quantifiers and over @) and the separator set I' contains the atomic sentences

mentioned by = as positive atomic sentences.

To build an embedding we usually need an extended set C' of constants, a set that contains Q. With the
help of the extended set of constants it becomes possible to describe P using a set R of positive and negative
atomic sentences. We left for the scope sentence everything that we cannot describe as a conjunction of
positive and negative atomic sentences. We will see that there is a way to encode the scope sentence using
atomic sentences and new constants. This encoding is weaker that the one provided but the embedding set

R but it suffices, in practice to find solutions for the problem at hand.

From the text Finite Atomized Semilattices [3] the reader should at least be familiar with the concepts
of atomization, redundant and non-redundant atoms, and full crossing. Besides these concepts and methods,
there are a handful of results required that are listed in section 8 of this paper. The formalism of atomized

semilattices is extended here with the introduction of “grounded models” in section 9.

For a solution S a solution model of particular interest is the freest one:
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Definition 2.8. The freest solution model for a solution S of an embedding is the model Fg = Fo(RTUS).

To build the freest model Fo(R™) of a set of positive atomic sentences RT we start from the freest
model F(0) over C' and use the full crossing algorithm to enforce each atomic sentence, one after another,

in any order. The reader can find a proof for this in [3].

We can use the full crossing method to build Fs which is the freest model of the set of positive duples
RTUS.

Theorem 8 shows that, Fig satisfies the scope sentence and, hence, is a solution model. Solution models
are strictly less free than Fs so they can be atomized with non-redundant atoms of Fg. A model Mg
is a solution model of the embedding for solution S if it satisfies both, the positive atomic sentences, i.e.
Ms = RT U S, and the negative atomic sentences Mg = R~ U {-v : v € SNT}. As a consequence,
Mg C Fs where the inclusion says that the atoms of Mg are all atoms of Fg, i.e. the atoms of Mg are either

non-redundant atoms of Fig or unions of non-redundant atoms of Fg.

Solution models have a linearity property; if Mg and Ng are solution models of P for solution S then
the model
Mg + Ns
spawned by the atoms of Mg and Ng is also a solution model of S. Even more, if Mg is a solution model

of S we can add any atom of Fg to Mg and still get a solution model of S.

Definition 2.9. Given a set of atomic sentences R we say that a model M is an irreducible model of R if
M E R and it is atomized by a set A of non-redundant atoms of M such that no subset of A is a model of
R.

Theorem 23 shows that an irreducible model has at most |R~| 4+ 1 atoms. Theorem 24 shows that we
can find models for every solution of P among the irreducible models of R. Even more, for tight embeddings
(defined below) we can find models for every solution of P in the set of irreducible models of R atomized with
non-redundant atoms of F(R™). This is especially relevant as theorem 22 describes a practical mechanism

to make every embedding tight.

2.1 Concise, complete, tight and explicit embeddings

Definition 2.10. A restriction M| to @ of an atomized semilattice model M over C' is the subalgebra of
M spawned by the constants in the subset @ C C.

Assume @ is a subset of C'. Theorem 1 proves that the restriction to @ of an atomized semilattice with
constants in C' can be calculated by restricting the upper constant segment of each atom ¢ to the constants
in @, i.e. replace each atom ¢ with upper constant segment U¢(¢) C C by other atom #l9 with upper
constant segment U¢(¢l9) = U¢(¢) N Q.

The restriction of a model Mg to the subset of interpretation constants () still satisfies pg. Therefore,

the restriction to Q preserves the interpretation. However, since the duples that represent atomic sentences
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of R use constants of C' that are not in @, the duples of R may not be defined in the restriction to Q.
Therefore the restriction to @ of a solution model M may no longer be a model of an algebraic embedding

but it is still interpretable as a solution of P.

Definition 2.11. An algebraic embedding is concise if for every solution S of problem P and for any positive

atomic sentence r over the interpretation constants @ we have R A g - rT if and only if pg - rT.

An embedding with embedding set R is concise when it does not have implications irrelevant to the
interpretation in the subalgebra spawned by interpretation constants ). For an embedding that is concise
the formulas over ) that are true in the freest model of a solution S do not depend upon the embedding
set R, they are determined by S alone. An interesting result (see theorem 10) is that any two embeddings,
which could potentially be very different, of a problem P with constants C; and Cy that are concise and
share the same interpretation (Q,,I") produce for each solution S of P a freest solution model of S with
the same non-redundant atoms restricted to Q. Also, the atoms in a model of an embedding that is not
concise become, when restricted to @), redundant with the atoms restricted to @ of some model of any concise

embedding.

Definition 2.12. An embedding set R for a problem P with solutions S is complete if for each positive

atomic sentence r over the interpretation constants @ such that VS(¢g b r™) then R+ rt.

Definition 2.13. An embedding set R for a problem P with solutions S is strongly complete if for each

positive atomic sentence r* over the embedding constants C' such that VS(¢g b rT) then R+ rT.

In Finite Atomized Semilattices[3] we introduced the concept of redundant, non-redundant and external
atoms. We say that a model M has an atom ¢ or that ¢ is an atom of M, written ¢ € M, if ¢ is a non-
redundant atom of M or is redundant with M. We say that ¢ is not in M, written ¢ ¢ M if ¢ is external

to M, i.e. if ¢ is not a non-redundant atom of M neither is redundant with M.

Definition 2.14. An embedding of a problem P with embedding set R, interpretation constants ¢ and
embedding constants C' has a residual atom « if « is a non-redundant atom of FC(R+)|Q with upper segment
different than @ that is external to the restriction to @ of every solution model of P, i.e. o & M ‘SQ for every
model Mg |= R that models a solution of P.

Residual atoms are non-redundant atoms of Fo(R™) that have consequences in the subalgebra spawned
by @ but do not play a role in any solution of P. Theorem 14 proves that an embedding that has no residual
atoms is complete; and conversely, an embedding that is complete and concise has no residual atoms.
Additionally, theorem 15 shows that two concise and complete embeddings sharing the same interpretation
(Q, ¢, T) have the same atoms restricted to Q, i.e Fo1(R)I9 = Foo(RS)IC.
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Definition 2.15. A model M is a subset model of IV, written M C N if every atom that is in model M is
in model N. A model M is a tight subset model of N, written M C N if the non-redundant atoms of M

are a subset of the non-redundant atoms of V. Subset C and tight subset C are both transitive relations.

Definition 2.16. An embedding of a problem P with embedding set R and embedding constants C' is tight
if for every solution S of P every non-redundant atom in the freest solution model Fs = Fo(RT U S) is also

a non-redundant atom in Fo(R™).

A non-redundant atom of the freest solution of a model Fs is always an atom of Fo(R™) but it is
not necessarily non-redundant in Fo(R™), it can be a redundant atom of Fo(R'). There may be many
non-redundant atoms in a model but there are always many more redundant atoms. Every union of non-
redundant atoms is a redundant atom, so we have, in the worse case, a number of redundant atoms in the
order of 2 to the power of the number of non-redundant atoms. Tight embeddings have solution models
spawn by atoms that are non-redundant atoms of Fo(R™) so, when searching for non-redundant atoms of

Fg in the atoms of Fo(R™') having a tight embedding severely reduces the search space.

Definition 2.17. Let K C C and let M be a model over C. The model M "% (read M grounded to K) is
the model spawned by the subset of atoms ¢ of M such that U¢(¢) C K.

Model MK is as free or less free than M. Theorem 6 shows that M X is a well-defined model that is
a tight subset of M, i.e. MK M.

We introduce the concept of explicit embeddings that permits finding the freest model solutions by
calculating a ground operation with respect to some subset K of the constants. A method that guarantees
that our embedding is tight, i.e. VS(Fs C Fo(R™)), is to build the embedding as an explicit embedding,

something that can always be achieved following a simple procedure.

Definition 2.18. An embedding of a problem P with interpretation constants ) and embedding constants
C' is explicit if for each solution S of P there is a subset Kg of the constants Q C Kg C C such that the
freest solution for S satisfies Fg = Fo(RT) Ks @ Fo_g . (0).

Theorem 21 proves that an explicit embedding is tight, so a method that guarantees that our embedding
is tight, i.e. VS(Fg C Fo(R™)), is to build an explicit embedding, something we can always do following a

recipe given in theorem 22.

Suppose we have an embedding set R over a set of embedding constants C' for a problem P. Theorem
22 provides a mechanism to extend the embedding constants and the embedding set R to obtain an explicit
and, therefore, tight embedding of P. This extension mechanism can be used in practice. In addition, when
the embedding is complete the extended embedding is also complete and when the embedding is concise the

extended embedding is also concise.
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3 A trivial example

Consider the following problem P: we have three elements a, b and ¢ and either a or b is mapped to ¢. This
problem has three solutions S1,S2, S3: a is mapped to ¢, b is mapped to ¢, and both a and b are mapped to

C.

Consider the following interpretation sentence ¢ = (a < ¢) V (b < ¢) and the solution interpretation

sentences

2= (aLc)N (b

ps=(a<c)n(b<0),

IN
&

with interpretation constants @ = {a, b, ¢}, separator set I' = {(a < ¢), (b < ¢)} and an scope sentence equal

to the interpretation sentence = = (a < ¢) V (b < ¢).

There is no atomic sentence that is a consequence of the interpretation sentence ¢ so all embeddings

will be complete.

First embedding: C' = {a,b,c} and R = (. In this case @ = C. Any model over C is a model of the
empty embedding set, including models that satisfy the solution interpretation sentences 1,2 and 3.
The embedding set R = {) is obviously concise. The model F((}) is atomized by the three non-redundant
atoms ¢, ¢p and ¢, with upper segments U¢(¢,) = {a}, U(¢) = {b} and U°(¢.) = {c}. The freest model
and freest solution models are are:

Fo(RY) = [¢a, 9, ¢c]
By = [ac, b, @]
Fy = [$a, Pve, ¢
F3 = [$ac, Pve, Oc]

where U¢(¢ac) = {a,c} and U(¢p.) = {b, c}. The embedding is neither explicit nor tight but it is complete

and concise.

Second embedding: C' = {a,b,c,d,e} and R = (d < a) A (d < c)A (e <b)A(e <c). The atomization of

Fo(R™) consists of five atoms with upper segments:

UC(¢aCd) = {a7 Ca d}7 UC(¢bC6) = {b? C? 6}
U(¢a) =A{a}, U(¢p) ={b}, U(¢c) ={c}.
The freest model of the embedding set and freest solution models are are:

FC(R+) - DecheSdeSCDdSa[¢av (bbv ¢c7 ¢da ¢e] = [¢aa ¢ba ¢C» ¢acda d)bce]

Fl = FC(R+ U (a S C)) = Dagc[(baa ¢b7 ¢cv ¢acda ¢bce] = [(bam ¢bv ¢c7 (bacda ¢bce]
F2 = FC(R+ U (b < C)) = Dbgc[(ba) ¢b7 ¢ca ¢acd7 (bbce] = [(ba) ¢bca ¢c7 ¢acd7 ¢bce]
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F3 = ZTC(]_}:Jr U (a < C) U (b < C)) = DbSCDa§0[¢a; ¢b, ¢c; ¢acd7 (ybbce} = [¢aca ¢bca ¢ca (bacd; ¢bce]

It is a good exercise to check that the three models satisfy R A p1, RA @2 and R A @3 respectively. There is
no positive atomic sentence £+ over @ = {a, b, ¢} satisfied by any of three models that is not implied by the
interpretation sentences alone so the embedding is concise. The embedding is also complete but it is neither

tight nor explicit.

Theorem 1 promises that we can calculate a restriction model by calculating the restriction of each

non-redundant atom:

Fl‘Q = [¢ac» ¢ba ¢cv ¢acd7 (bbce]lQ = [¢aca ¢b7 QSC, ¢acv ¢bc} = [¢aca ¢b7 ¢c}

FQ‘Q = [¢a, Dves Pes Pacds d)bce]‘Q = [¢aa Doy Pes Pacs ¢bc} = [(baa Dbe, (bc}
F?l)Q = [(baw Dbes Pes Pacd; Qj)bce] 9 = [(baca Pbes Pes Pac, ¢bc] = [¢ac’ Pbe; qj)c]

Theorem 9 says that an embedding is concise if and only if the freest solution model restricted to @ = {a, b, c}
is equal to Fo(S) for each solution S of P. The reader can check that this is the case by calculating Fy(.S) for
the three solutions, in this case: Og<c|Pa, Pbs Pc)s Ov<elPa, Po, dc) and Oo<c.Op<c[@a, P, de). In addition, since

the first embedding was also concise the restricted solution models are equal for both embeddings.

Finally the freest model restricted to @ is:

FC(R+)‘Q = [¢a7 (bbv ¢c7 ¢acd7 (bbce]‘Q = [¢a7 ¢b7 ¢c7 (baca ¢bc] = [¢a7 ¢b7 (bc]

Theorem 15 tells us that two concise and complete embeddings with different embedding constants but shar-
ing the same interpretation have the same atoms restricted to the interpretation constants @, i.e Fq (Rf)'Q =
Feoo(RY)!Q. For the first and second embeddings the freest model restricted to Q is [¢q, b, de)-

Third embedding: The third embedding is very similar to the second embedding but this time is going
to be a tight embedding. C' = {a,b,¢,d,e,m}and R=(d < a)A(d<c)A(e< I A(e<c)A(c<a@bOm).
The atomization for the freest model is the result of O.<sopomTe<cTe<oTa<cDa<alPa, db, Pc, Pds Py O]

and consists of eight non-redundant atoms:

FC(R+) = [(ban (bba ¢m7 (bacv ¢bca ¢cma ¢acd7 ¢bce]-
The freest solution models are:
Fl = Da§6[¢av ¢ba ¢ma ¢ac, ¢bc7 (mea ¢acd7 (bbce] = [¢ba ¢m7 (bam (bbcv ¢cma ¢acda ¢bce}

F2 - Dbgc[(baa ¢b7 ¢m7 (bacy (bbcv ¢cm7 ¢acda ¢bce] = [(baa ¢m7 (bam ¢bcv ¢cma ¢acda (Zsbce}
FS = Dbchagc[d)av ¢ba ¢m7 ¢aca d)bca (bcma ¢acda ¢bce] = w)ma ¢ac7 (bbcv ¢cm7 ¢acd7 ¢bce]-

It is quite straightforward to check that the embedding is tight:
FC Fc(R+) FyC Fc(R+) F; C Fc(R+),

so we have a complete, concise and tight embedding but not an explicit embedding.
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The restrictions to @ of the freest solution models are again the same to those obtained in the previous

embeddings (as the three embeddings are concise).

Fl‘Q = [¢b7 D> Pacs Pocs ¢cm7 Dacds ¢bce]|Q = [(bacy bb, (bC}

FQ‘Q = [¢a7 ¢m7 ¢aC7 ¢bca d)cma ¢acda d)bce] 0 = [¢aa ¢bC7 ¢c]
F?|,Q = [(bma ¢acv (bbca ¢cm7 (bacda ¢bce] @ = [(baca ¢bca ¢c]
FC(R+)‘Q = [d)a: ¢ba ¢ma ¢a0a ¢bcv ¢cm> ¢acd7 (bbce]‘Q = [Qsay ¢b7 QSC]
Fourth embedding: The fourth embedding is again very similar to the second and third embedding but

this time is tight but not concise. C' = {a,b,¢,d,e} and R= (d < a)A(d<c)A(e <b)A(e <c)A(c < a®b).

The atomization for the freest model consists of six non-redundant atoms:

Fe (RJr) = [Qbaa Dby Pacs Poe, ¢acda ¢bce]~

The freest solution models are:

Fl = [d)bv (baca (bbca ¢acd7 (bbce]
F2 = [Qba) ¢aca ¢bca djacdv ¢bce}

F3 = [¢aca ¢bc7 d)acda ¢bce]c
Again the embedding is tight:

FC Fc(RJr) FyC Fc(R+) F;C Fc(RJr),

but it is clearly not concise because it satisfies ¢ < a ® b, a duple over @ that is not implied by the solutions

of P alone. The freest solution models restricted to @) are:

FllQ = [¢ba (baca (bbw ¢acda ¢bce] @ = [¢b7 ¢acv ¢bc]

FQIQ = [(rba’ ¢a0a ¢b(:7 ¢acda ¢bce] @ = [¢a7 ¢a0a ¢bc]
F?l,Q = [(bacy (bbm (bacda ¢bce]|Q = [¢aC7 (bbc]
FC(RJr)lQ = [d)aa ¢ba ¢ac, ¢b07 (bacda ¢bce]|Q = [¢aa ¢b7 (baCa d)bc]-

We can check that the freest solution models restricted to @ are not equal to F(S). For example:

Oa<el®ar $o, be] = [Gacs bv, be] # FI°

Fifth embedding: This is a complete, concise, tight and explicit embedding. It is quite different from
the others and uses embedding constants C' = {a, b, ¢, g, h} and embedding set R = (a < c®g)A (b < cOh).

The atomization of the freest model Fo(R™) consists of seven atoms with upper segments:
Uc(¢a6) = {CLC}, UC(¢119) = {a'7g}v
Uc(¢b0) = {b’ C}> Uc(‘bbh) = {b’ h}7
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Uc((rbc) = {C}v UC(¢Q) = {g}a UC(¢h) = {h}a

that can be calculated as:

FC (RJr) - DbSCQhDaSCGgM’aa (rbb’ ¢c> (rbga ¢h] = [¢Ca (bg? ¢ha ¢aca ¢ag> (rbbC} ¢bh]-

The freest solution models are:

Fl = [¢C7 ¢ga djha ¢CLCa ¢bC7 (bbh}y
F2 = [(bca ¢g, ¢ha ¢ac, ¢agv (bbc];
F3 = [¢c7 ¢ga ¢h7 ¢ac7 ¢b0]a

and it is clear that the embedding is tight:
F,C Fo(RT) FyC Fo(RY) F3C Fo(RY),
and concise:
FI? = [6es 8, 0ns bacs Dves $on] @ = [fes bacs 90,
L = [Be, 09, 0ns Gacs Gags G0c]'C = [Be: Gas 0]
Fi? = 60, 89, 0ns bacs 00l = [Bes Gacs drcl-

It has the same restrictions of the first, second and third embeddings.

For every solution there is a set of constants Kg such that Q@ C Kg C C that satisfy:
FC(R+) {a:b.eh} = [d’c’ ¢ga ¢ha ¢(LC7 (baga ¢bca ¢bh] {ab.e;h} = [ch, (rbh) ¢ac7 ¢bca ¢bh]a

Fo(RT) b9 = (60, dg, By bacs Gags Sbes Sn] 0T = [be, Bg, Gac: bag, de),
Fo(RY) 4% = (60, by, O, Gacs dags Dves Do) 00 = [be, acs Pucl,
such that:
Fi = [e, b9, On, bacs Sber dun] = Fo(RY) 100ehT U (g}
Fy = [, bgs Ohs bac: Sag, dve) = Fo(RY) 10049 U (¢}
Fs = [be, &g, Ons Gaes Svel = Fo(BY) 100U {6, o1}

which proves the embedding is explicit. The fifth example corresponds to the construction in theorem 22

built over an empty embedding set.

With two concise, complete and tight embeddings that share the same interpretation (Q, ¢, T'), for each
non-redundant atom ¢; € UgFjg such that ¢|1Q exists, theorem 18 shows that either there is a solution S
for which ¢|1Q is redundant in Fl‘g or there is an atom ¢» € UgFbg with ¢I1Q = ‘QQ
third and fifth embeddings to see if this is true. With the third embedding;:

. We can compare the

Fthird = USFS = FC(R+) = [¢a7 ¢b7 ¢>m7 ¢aca ¢bcy ¢cm7 (bacda (bbce]
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and with the fifth embedding;:

Fagtn = UsFs = Fo(RY) = [¢¢, Bg, Ohs Gacs Pags Poe: Poh)-

The sets obtained by calculating the restriction to @ of the non-redundant atoms are equal:
1Q
Finird — {¢a7 ¢b> ¢aca ¢b63 d)ca ¢ac> ¢bc} = {¢a7 ¢b7 ¢acv ¢bc> ch}

Fﬁfth lﬁ) {¢c» ¢acv ¢av d)bca ¢b}7

Notice that here we are comparing sets and not models so redundant atoms matter and cannot be re-

moved.

4 Vertical Bars

Suppose an n x n grid of white and black pixels. The embedding consists of describing the properly formed
grids, i.e. with pixels at every position and no empty or undefined positions, that have at least one black

column. The problem P consists of finding examples of grids with this property.

We are going to build and compare two different embeddings. The first embedding describes the grids

in a formal manner, the second embedding provides examples of valid grids with a black bar.

Embedding 1: Consider the embedding with interpretation constants Q = {b;;, w;;, ¢;j } where constants
b;; represent black pixels at position (7,7), the constants w;; that represent white pixels and the constants
¢i; represent positions of the grid. The embedding constants C' = Q U {n;} where n; is a constant such
that n; < wyj, i.e. it is lower or equal than every constant of a white pixel in column j, and so there is one

ni,na, ..., n, per column. Consider the embedding set:
Ria = (©jn; £ Orsqrs) AVij((wij © big) £ Orsqrs) A Vij(ny < wij),
and the scope sentence:
E = Vi;((gi5 = wiz) V (g5 = bij))-
Any model of Ry 4 A Z can be univocally mapped to a grid with a vertical black bar. This model is concise,
in order to make it complete we have to add:
Rip =Vij(qi; < wij © bij),

a set of sentences that are true in every model. To make the embedding also explicit and tight we can follow
the strategy described in theorem 22 and extend C to the set C' = Q U {n;, g, hi;} where g;; and h;; are

“context constants” used as follows:
Ric =Vi;((9i © qij = wij © gij) A (hij © @iz = b © hij)).

where we have relied on theorem 25 to reuse the same context constant g;; for the atomic sentences (¢;; < w;;)
and (w;; < g;;) and the same context constant h;; for (¢;; < b;;) and (b;; < ¢;;). Finally, our first embedding
is given by the embedding set:

Ry = Ria A Rip N Ric.

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091



D2.2 - AML Theorems II @ALMA

A calculation of F(R]) provides a model with 46 atoms in the case of 2 x 2 grids. Subsets of non-redundant
atoms of FC(Rf) that suffice to preserve R] produce models that, when they satisfy =, represent examples

of grids with at least one vertical black bar. This model satisfies:
F =U,F, = Fo(RY).
Using for indexes i,j 1,1 — 1, 1,2 — 2, 2,1 — 3 and 2,2 — 4 for better readability, the atomization is:

FC(RI’_) = [¢g1 ) ¢gza ¢g3 5 ¢g4 5 ¢h1 3 ¢h2a ¢h3a ¢h47 ¢w1g1 5 ¢w2g2 5 ¢w3937

BPuwigss Porhys Poshas Poshas Poahas Puwibigr s Pwabagss
¢w3b3q3a ¢w4b4q47 ¢b1 q191» ¢b2Q292 ) ¢b3qsgsa ¢b4Q4g4a ¢w1 q1h1>
¢w2q2h2 ) ¢w3q3h3a ¢w4q4h47 ¢w1w3n1g1g37 ¢w2w4nzgzg4a ¢w1w3q1n193h17
(b’wlwabl‘hnlgz’ (bwlwaqa’ﬂ1glh3’ ¢w1w3b3q3nlgl ) ¢w2w4b2q2n294a ¢w2w4b4¢Z4ﬂ292’
¢w2w4Q2nzg4h2 s ¢w2w4Q4n2g2h47 ¢w1w3b1q1 q3nihs» ¢w1 w3b1b3q1q3ni >
¢w1w3tI1q3n1h1h3’ ¢w1w3bsq1q:m1h1 ) ¢w2w4b2b4q2tI4n2 ) ¢w2w4b2q2q4n2h4a

¢w2w4b4 g2qanzhz> ¢w2w4 g2qanzha h4}

The freest model for solution q; = b1, g2 = wo, g3 = b3, ¢4 = wy, has non-redundant atoms:

Fs = [¢gla¢gz7 ¢937 ¢g47¢h15¢h2a ¢h37 ¢h4a (bwlgla(bwgggv ¢bzh27

¢b4h4; ¢w1b1 q1 ¢w2b2qz ) ¢w3b3q3 ) ¢w2q2h27 ¢w4b4qw ¢b1Q191 )
¢w4q4h47 ¢b3¢Z3g3 ) ¢w1w3n1g1937 ¢w1w3b1q1n1937 ¢w1w3bSQ3n1917
¢w1w3b1b3q1q3m 3 ¢w2w4b2b4q2Q4nm ¢w2w4b2q2q4n2h4a ¢w2w4b4q2q4n2hza
¢w2w4tpq4n2h2h4]7
which is a subset of Fo(R]), as promised by tightness. The embedding is also explicit:

P - FC(R;F)VQUUU7n2}U{91793,h2,h4} U{®hys Phys Pgas Daa }-

We can find all the models of a vertical black bar, with a well-constructed grid that passes the scope sentence,
by grounding FC(R;F) with the right context constants (in this case g1, g3, ha, hse). In fact there are 16 sets
of context constants that produce models for the 16 possible grids and all these grounded models pass the
scope sentence. This includes hi, ho, hg, hy that produces a model of a full white grid. However, only the
models that satisfy R] are valid models of our embedding, and these models all have a vertical black bar.

Every model without a vertical black bar that we find by grounding satisfy:
nOnN2 <q1Og OO

i.e. these models violate ©®;n; £ ©r sqrs which is in R™.
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We have not yet used the negative duples of our embedding. Once we have the atomization of FC(RT)
we can pick a subset of the atoms that suffice to enforce R~. This choosing of atoms checks the |R~| duples
just once and ends up with a set of at most |R™| atoms. It suffices to keep the first discriminant atom
we encounter for one duple and then we can move onto the next duple. If we apply this algorithm to this
embedding, almost every model we find is a model of a full board with a black vertical bar that passes the
scope sentence. There are a few incomplete boards that do not pass the scope sentence. In the general case
we can find many “bad models” that satisfy R but do not satisfy the scope sentence. It is precisely here, each
time we pick an atom using R~, where grounding can be used, as a secondary step to prioritize atoms with
compatible context constants, so next time we pick an atom for the next sentence in R~ we start looking
first into atoms with similar context constants. Grounding may help to find subsets of atoms that satisfy
the scope sentence but it is not the primary mechanism for selection of subsets of Fo(R{). The primary

mechanism is R~.

Note also that |[R™| = 5, in a 2 x 2 grid. This means that there should be subsets of non-redundant
atoms of Fo(R) with at most 5 atoms (perhaps 6 if we want to add ©. to be consistent with the sixth

axiom of atomized semilattices). For example, the model:

MS = [qsbghg i ¢b4h47 ¢w1w3nlglgg]

is a subset of the non-redundant atoms of F; that satisfy RAZ. In addition [M; +{&.}] C Fs, as Fy is freer
than [M 4+ {&.}]. How does it work?:

M= (1 =q2=q3=qa=b1 = by = wy = wy)
The embedding can be extended to produce models for which the ¢ constants do not equate each oth-
ers:
RNANGEROBOMWN L0 B Ea0@Roa) (et adaeadgs)
Now we have |[R™| =9 and, in fact the following 7 atoms suffice:

Ns = [¢b2h2’ ¢b4h47 ¢w1b1Q1 ) ¢w2b2qz’ ¢w3b3qa7 ¢w4b4qw ¢w1w3n19193]

Ns = (1 =b1) A (g2 = w2) A (g3 = b3) A (qa = ba),

and form a model that distinguishes every constant ¢;.

Embedding 2: Now we study a very different embedding based on presenting examples to the algebra.
The interpretation constants @ = {b;;,w;;,¢;;} and scope sentence = are the same as in the previous

embedding. The embedding constants are now C’ = Q U {v, g;;, hi;}. The embedding set is:
Roq = {v < I:1 has a vertical black bar} U {v £ I : I has no vertical black bar}.

where I is a term with n x n constants either w;; or b;; at each position of the grid. For example in 2 x 2 is

a conjunction of 16 atomic sentences:

Roa = (v < b1 @ wiz ®ba1 ©® waz) A (v < b11 © b2 @ bag © wag)...A
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A (0 L win © wiz O war © wa) A (v E b1l © wiz O war © w)...

We can add:
Rop = (U < ®i,jQi,j) /\vij (wij © bij ﬁ QT,SQrs)~

The embedding Roa A Rop is concise. For completeness we have to add again:
Rop = V(g < wij © bj).
To make the embedding explicit and tight we proceed as before, by adding:
Rac = V(945 © qij = wi; © gij) A (hij © qij = bij © hyj)).
The resulting embedding;:
Ry = Raa N Rap A Rac

produces a freest model For (R5) with 68 atoms in dimension 2 x 2. Again, using 1,1 — 1, 1,2 = 2,21 — 3
and 2,2 — 4 for better readability:

FC' (R;) = [¢g1 ) (bgz ) ¢gaa ¢g4a ¢h1 B ¢h2 5 ¢h3 5 ¢h47 ¢w1gl 5 ¢w292a ¢w393a

Pwigs> Porhys Poshas Poshas Poahas Puwibigr s Puwsbagss
¢w3bsq3a ¢w4b4f147 ¢b1Q191 ) (bbzqwz ’ ¢b3Q3g3a ¢b4Q4943 ¢w1Q1h17
¢w2q2h2a ¢w3q3h3 ) ¢w4Q4h4a ¢vw1 biqi» ¢vw2b2qz ’ ¢vw3b3qm ¢vw4b4qw
¢vb1b2qlgl has ¢vb1b2q292h1 ) ¢vb1b4q1g1 ha> ¢vb1b4q4g4h1 ) ¢Ub2b3q292h37
¢vb2b3¢Z393h2a ¢vb3b4qz93h4’ ¢Ub3b4Q4g4h37 Doty b2q1929192> Doty baq1949194>

Pubsbsgagsgags s Pobsbagsasgsgas Powiwsbaggahihas Powswsbagsgahahs

¢vw2b2b4Q49294h2 ’ ¢vw2w4b2Q492h2h47 ¢vw1w2b1q2glh1 has ¢vw2w3b3QZ93h2h37
¢vw2 b1bsgahihohys ¢vw2 b3bigahohszha> ¢vw2w4b4Q294h2 ha>

¢vw1w3b1q3g1h1h3 y ¢vw1b1b3q3glggh1 ) ¢vw1w4b1q4g1h1h47 ¢Uw3b1b3qlglg3h37
¢vw3b1 bagzhihahs» ¢vw3b1 bagzhihsha> ¢vw4b1 bagahihahas ¢vw1w3b3q1g3h1 h3»
Powswabsqagshshas Powibsbagihihshas Powibabsgrhihahs s Powabsbsqahahshas

¢vw1 wabsq1gahihas ¢Uw4bzb4ngzg4 ha> ¢vw3 wabaqzgahs h4] .

The freest solution model for the same solution than before g1 = by,q2 = ws,q3 = b3, g4 = w4, now has

non-redundant atoms:

F; = [¢917¢g27 (125937 ¢g47 ¢h1a¢h2a ¢h37 ¢h47 ¢w1917¢w3937 (bbghzv

¢b4h4a ¢w1b1 q1» ¢w2b2(I2 ) ¢w3b3q3 ) ¢w2q2h27 ¢w4b4q4, ¢b1qlgl ’

¢w4q4h47 ¢b3q3_q3 5 ¢vw1 bi1q1» ¢vw2b2q27 ¢vw3b3q3 5 ¢vw4b4q47

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091 m



D2.2 - AML Theorems II @ALMA

¢vb1bgqlgl ha> ¢vb1b4qlgl ha> ¢’Ub2b3qgg3h27 ¢vb3b4q393h4]

which again is a subset of the atomization of FC/(RSr ) and, since the embedding is explicit:
F' = Fo (R;)VQU{U}U{gl,gsﬁhz,M} U {@h,, Ohss Dga> Bga }
There is something different in this embedding:
F' =U,F. C For(RY) but F' # Foi(RY)
and Fer (RS ) has now 24 atoms more than F’, that only has 44 non-redundant atoms:

F/ = [(rbgl 9 ¢g27 ¢g3 ’ ¢g4a ¢h1 ’ ¢h27 ¢h37 ¢h47 ¢wlg1 ) ¢w292 ) ¢'UJ3937

Pwagas Porhys Posha s Poshgs Poahas Pwrbrqrs Puwabagss
Dwsbsgs> Pwibaqss Porargrs Poagags > Posasgss Poaqagas Pwragrhy s
Pwsgahas Pwsashs > Pwiqaha> Powibrgr s Powsbagss Powsbsgss Powabagss
Dubybagrgihas Pobibagagahy s Pubibaqygrhas Pubibaqagahss Pobsbsgsgshas
Dvbabsqagahs s Pobsbagagsha> Pvbsbaqagahss Pobibaqigagigs > Pvbibaqiqagrgas

¢Ub2 b392939293> ¢vb3b4Q3Q49394}

As with the first embedding, we can obtain every possible grid by grounding the model Fcr(R3) to a subset
of the constants. The negative duples of R; again select the subsets of atoms that spawn models of grids
with a vertical black bar. In this case R, , is a set of duples that rule out each grid without a vertical bar

individually.

R is a complete embedding, this means that any positive duple over @ that is true in every solution of
P is a duple of R} or implied by RS . However, we have F’ # Fg/(RJ) because this embedding, although
complete is not strongly complete. There are duples over C' that are true on every model but are not implied
by R*. Which ones?

We have required v < ©; jg; ;. This sentence of R;r is central as it says that we want models of grids
that have a vertical bar v. However, if we replace in v < ©; j¢; ; any g; ; by b; ; the sentence remains true
on every solution. In addition, if we set two constants in a column to b; ; we can replace another ¢; ; by a
white pixel constant w; ;. These sentences turn out to be the missing piece. There are many of them. For
2 x 2 there are 18 sentences. If we make these sentences part of Ry we get: F’ = For(R3) and the model

F’ does not change. These sentences act by eliminating the extra 24 atoms that Fo/ (RS ) had.

There is a quite interesting fact that occurs in the strongly complete model. If we calculate the 16
grounded models we obtain 7 models of Ry that represent grids with a vertical black bar and the other 9 are
models that violate 1,1,3,1,3,1,3,3,9 duples of R, respectively. From the eight negative duples in R,
(that correspond to counterexamples of the problem) it suffices with 4 duples to rule out all the grounded

models that represent grids with no vertical black bar. With only 2 negative duples we can rule out 6 of the 8
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grounded models for well-formed grids that have no vertical bar. This hints a mechanism for generalization:

fewer negative examples are enough to describe the embedding.

Comparison: We can start by calculating FS‘Q for solution ¢; = by,q2 = ws,q3 = b3, q4 = wy. As both

embeddings are concise, F: S‘Q and F. sllQ should be equal and, indeed:

FS‘Q = FS/IQ = [(bwl ) ¢1_U37 (bbg b) ¢b47 ¢w2q2 b) (bblql b ¢IU4Q47 ¢b3q3]7
a calculation that can be easily done manually (remember to discard redundant atoms).

Let us compare now the sets of atoms (not the models) produced by restricting the atoms of F' and F”

to the embedding constants:

Q
F—A= {¢w1 ) ¢w2 3 ¢w37 ¢w4a d)bl 3 ¢b2 5 ¢b3 5 ¢b47 ¢w1q1 5 ¢w1w37 ¢w2w47

Owrqas Pwsgss Porars Pwagas Poagas Posgss Pbagas Puwibiqr s
¢w1 w3q1 ¢w1w3q3 5 ¢w2w4cn P ¢w2w4q47 ¢w2b2q2 3 ¢w3b3qga ¢w4b4Q4a
Pwywsbiqr > Pwrwsqrgs) Pwiwsbsass Pwawabaga s Pwswabagas Pwowsgagas
Gwiwsbyqrass Pwiwsbsqrgs» Pwrwsbrgaqss Pwswabagaqss Pwrwsbibsqrgss
¢w2w4b2b4q2(I4}
F' 1% B = {1y, Guas Buss Busss Bo1 B By G Buona s Suonans Duas
Po1q1> Pwaqss Poagas Poagss Pbagas Pwrbrgr s Puwabagss
Bwsbsgs> Pbibagrs Porbagas Porbagr > Prwabaqas Poabsgar Poabsgss

¢b1b4q4a ¢b3b4q3 ) ¢b3b4q4a ¢b1b2Q1q2 ) ¢blb4(I1Q4v ¢b2b3q2q37 ¢b3b443q4}'

Many atoms are the same, but others are not. Consider the set:
A - B= {¢w1w3 ) ¢w2w4a d)wlwgql ) ¢w1w3q3 ) ¢w2w4q2 ) ¢w2w4q47

¢w1w3b1q1 ) ¢w1w3q1q3v ¢w1w353Q3’ ¢w2w4b2q2a ¢w2w4b4q47 ¢w2w4qzqw
¢w1w3b1q1Q37 ¢w1w3b3Q1qgu ¢w2w4b2q2q4» ¢w2w4b4¢I2Q47 ¢w1w3b1b3q1Q37 ¢w2w4b2b4qle4}

Since both embeddings are concise and tight, theorem 18 tells us that every one of these atoms should be
redundant in at least one solution of P. For example for ¢y, to be redundant in a solution, the solution
should satisfy w1 € ¢1 and w3 € ¢3 and it should have atoms ¢,,, and ¢,,. From the scope sentence we
know that such solution should satisfy: ¢; = b1 and g3 = b3; like the ones we have calculated above. Atoms
Dwyws and Puyyw, are redundant on each solution that has a black vertical bar on the left or a black vertical
bar on the right respectively. Atoms Guw,wsbibsgigs 30 Puwsw,ibsbigeqs are redundant on every solution. The
other atoms are redundant in other solutions. Some atoms like @y,w,b,q, are redundant only in solutions

that have some particular set of white pixels.
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In the other direction:

B-A= {¢b1b2Q1 ) ¢b1b2QZ ’ ¢b1b4Q1 s ¢b253qw ¢b2b3lJ37

¢b1b4Q47 ¢b3b4qe, ) ¢b3b4qu ¢b1b2¢hqz ) ¢b1b4Q1Q4’ ¢b2b3q2q37 ¢b3b4q3q4 }7

we find atoms that are redundant in solutions that contain a vertical bar and at least one or more addi-
tional white pixel (atoms with three constants), or one additional black pixel (atoms with four constants).
Finally:

AN B = {Guw,; Guwss wys Pwss Pors Doy Pogs Poss Puwngy s

¢w2q2 ) wagq:; ) ¢b1 q1» ¢UJ4Q43 ¢b2q2 ) ¢b3(137 ¢b4q47 ¢u11b1 q1»

¢w2b2q2 ) ¢w3b3q37 ¢w4b4q4}

contains non-redundant atoms, each in both Fg and F§ for some solution S. Particularly interesting are
Bunbr g1 > Dwabagss Prwsbsgss Pwsbsgs that are non-redundant atoms of the freest solution model of every solution
and represent the structure of the grid: these atoms say that at each position p we have either the white or

the black pixel and the corresponding g, constant.

What about the 24 atoms of Fcr(R5) that are external to F!
+ I
FC’(RZ ) - Fs - {¢Uw1w2bZQ1g2h1h27¢Uw2w352Q392h2h37 ¢ﬂw2bzb4lI492g4h2ﬂ ¢Uw2w4b2q4192h2h47

¢vw1w2b1q2g1h1 has ¢vw2w3b3q2g3hgh33 ¢vw2b1b4q2h1 hohy> ¢vw2b3b4q2h2h3h4a
¢Uw2w4b4¢I294h2h47 (b’l)wlebl gzgihihss d)vwl b1bzgsgigshi> ¢Uw1w4bltI491 hiha>
¢Uw3b1b3q19193h37 ¢Uw3b1 bagzhihahs» ¢vw3b1 bagzhihsha> ¢vw4b1 bagahihahas
¢Uw1w3bsthgsh1 h3» ¢vw3w4bst4g3h3h4v ¢vw1 bzbsqihihszha> ¢vw1 babzqihihahs)
¢vw4b2b3q4h2h3h47 ¢vw1 wabaqigahihas ¢vw4b2b4q2g294h4a ¢vw3w4b4q3g4h3h4}

Their restrictions to @ are:
Fo (R — F/ 19
C’( 2 ) —Lfy— {¢w1w2b2q1’¢w2w3b2q2’.7 ¢w2b2b4q47

¢w2w4b2q4, ¢w1w2b1q2 ’ ¢w2w3b3q2 ) ¢w2b1b4qw ¢w2b3b4¢I2 )
¢w2w4b4q2 ) ¢w1w3b1q3 ) ¢w1b1b3qg’ ¢w1w4b1¢Z4’ ¢w3b1b31h )
¢W3b1bQQ37 ¢w3b1b4q3 ’ ¢w4b1b2qu ¢uz1w3b3q1 5 ¢w3w4b3q47
¢w1b3b4q1 s Puwy b2bsq1 ¢w4b2b3qu ¢w1w4b4Q1 ) ¢w4b2b4q2 ) ¢w3w4b4qs}
Atom @y, w,b,q, iS Dot compatible with the scope sentence = as it implies that neither wy nor by can be equal

to ga. 16 of these atoms follow this pattern. The restrictions to @@ of the other 8 atoms are:

¢w2b1b4q2’ ¢w2b3b4q2 ) ¢w3b1b2q3’ ¢w3b1b4q37 ¢w4blb2Q4’ ¢w1b3b4th ) ¢w1b2b341 ) ¢w4b2b3q4
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Each of these atoms belong to one of the models of grids with no vertical black bars. They, each, set the
minimal requirement of having at least three white pixels. The 8 atoms of FC/(R2+ ) — F! from which they

come are:
Dvwabibagohihaha > Powsbsbagshahshas Powsbrbagsha hahss Powsbibagshihshas
Dowabibogahyhahas Powybsbagihy haha> Powibabsqyhihahs s Powababsqshahsha

These atoms are never atoms of a solution. To get rid of them either we make the second embedding strongly

complete or we discard them based on their incompatibility with R, and the scope sentence.

In conclusion: the embedding 1 is strongly complete while the embedding 2 is not, unless we add 18
extra duples to the embedding. Assume we are not making embedding 2 strongly complete. We can discover
solutions by inspecting the atoms of the embedding 1 that, when restricted to (), are not atoms of the
embedding 2. In the other direction we can also discover solutions by inspecting the atoms of the embedding
2 that are not atoms of the embedding 1 when restricted to @), however, in this direction, some of these
atoms may mislead us into forming bad solutions. These solutions can only be ruled out by checking R,

and the scope sentence.

5 The N-Queen Completion Problem

This problem consists of locating M queens on a chessboard of size M in such way that no two queens can

attack each other. That is, they all occupy different columns, rows and diagonals.

For an M x M board we choose a set of M x M constants ();; to represent a queen in position (¢, j)
and a set of M x M constants F;; for the empty squares. An additional constant B can be used to represent
the board and to determine if the board has an empty square or a queen we can use the order relation < of

the semilattice. The following sentences provide an interpretation for this problem:
a="ViVj((Qi; < B)V (E;; < B))"
B ="ViVj(Qi; © Eij £ B)”
v ="Vi3j(Qi; < B) AVjTi(Qi; < B)”
e="ViVj((Qi; € I) = (Qij < B))”
™ ="VivjVrVs (Qij, @rs) € A) = (Qij © Qrs £ B))”

where A is the set of pairs of mutually attacking queens, and I is the set of n fixed queens at the beginning

of the game.

The interpretation constants are Q = {Q;;, E;;j, B} and the interpretation sentence is:
p=aABAYNeENT.

The scope sentence is:

(1]

|
R
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Any semilattice model over the constants () that satisfy ¢ is a solution of the game. We can determine the

position of the queens in the board by using:
Qij < B < the board has a queen at position (i, j)
The separator set is:
I'={(Qij <B):0<i<MO<j<M}J{(E;; <B):0<i<M0<j<M}

We are going to build a couple of embeddings with the interpretation (@, ¢, I")

First embedding: Consider the set C' = {Q;j, Eij, B, Ri,C}, gij, hij} of 4M? + 2M + 1 embedding
constants. (3 can directly be made part of R~ as it is a conjunction of M? negated atomic sentences. Same

consideration applies to 7 that is a conjunction of fewer than 4(M — 1)M? negative atomic sentences.
The encoding of y can be carried out with the set RC of M? atomic sentences:
R; © C; < Qyj,
the set NRC of 2M negated atomic sentences:
Ry £ (©ijEij) © (O jizaQij)s

Cy £ (©i;Eij) © (Oi,5:£4Qi5)
and the additional sentence:
0="04 Ry ©,Cy < B”.

€ can be encoded in a straightforward manner as n atomic sentences of the form (Q;; < B), one for each of

the fixed queens, forming a block IB of n positive atomic sentences that can be added to R™.

Based on our separator set I', we can use a set GH of 2M? atomic sentences to make sure the embedding
is explicit:
9ij © Qij < B O gij,
hij ©® Eij < B © hyj,

These sentences can also be seen as a mechanism to embed «.

Finally, we get the embedding set:
RT"=GHURCUIBU{§}

R~ ={B,7} UNRC

that has 3M? + n + 1 atomic sentences in R* and fewer than M? + 4(M — 1)M? + 2M negated atomic

sentences in R~.
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The embedding given by R = R* U R~ has various models, including models for all the full boards and
also models that are not full boards. There are models of R that represent a board with the first initial N
queens set and no more queens. R also has models that do not even have empty or queen values set for all
the board positions. However, there are models of R for any solution of the problem. It is clear than any

non-attacking configuration of queens satisfies R, including all the solutions with M queens.

For a game with no fixed queens, the freest model Fo(R*) contains 2M? + 1 atoms with one constant
in its upper constant segment: either B, or any of the M? constants gij or any of the M 2 constants hij.
Also 4M? atoms with two constants in their upper constant segment, with the form {Q;;, gi;}, {Eij. hij}.
{Qi;, B}, {E;j, B}. Also 2M atoms with M +2 constants in their upper constant segment, each corresponding
to a row or a column and containing the queens in the row or column, the corresponding C, or R, and the
constant B. A total of 6M? + 2M + 1 non-redundant atoms:

Fo(RT) Fs
Size # Size #
1 2M? +1 1 2M? +1
2 4M? 2 3M?
M+2 2M M+-2 2M

The embedding is strongly complete, i.e:
F =U,F, = Fc(R")

except for games for which every solution has the same queen or empty space. For example, in dimension
M =5 with no fixed queens the embedding is strongly complete as every square can be empty or occupied
in some solution. In dimension M = 4 with no fixed queens the embedding is not strongly complete as
there are 8 empty squares present in the two solutions of the 4x4 puzzle (we have F C Fo(R™) in this case).

Enforcing the presence of these 8 empty squares in the board makes the embedding strongly complete.

The embedding is concise, which can be verified by checking that every solution satisfies F’ lsQ = Fo(9) Q)
a model with M? + 1 atoms of length 1 and M? atoms of length 2. The embedding is also tight and explicit,

as expected.

Second embedding: A better embedding for this problem relies on encoding 7 using a set of positive

sentences instead of a set of negative sentences. We can simply use the fact that the presence of a queen in
the board implies the presence of empty squares in all its attacking positions, and also the fact that a row

or column with all empty positions except one implies a queen in the remaining position.

The embedding constants are again C = {Q;j, E;;, B, R;, Cj, gij, hij }, the same constants we used in

the first embedding. To embed 7 we now use the set EQB of M? positive duples:

@rs{Ers : (Q?'sa Qij) € A} < Qij ©B

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091 m



D2.2 - AML Theorems II @ALMA

and the set QEB with 2M? positive duples:
Qij <OAE;s:s#j1OB

Qij < O{Ey 7 #1i} O B.

In total, 3M? positive atomic sentences. Notice that 7 is a conjunction of a much larger set of sentences, in
the order of 4(M —1)M? negative atomic sentences, that we no longer need to include in R~. The embedding
set is then:

R"=GHURCUIBUEQBUQEBU/{§}

R~ ={B}UNRC

with 6M? 4+ n + 1 atomic sentences in RT and M? + 2M negated atomic sentences in R~.

For a game with no fixed queens, the freest model F = U,F, has 2M? + 1 atoms with one constant in
their upper constant segment: either B, or any of the M? constants g;; or any of the M? constants h;;. Also
2M? atoms with two constants in their upper constant segment, of the form {Q;;, B} or {E;;, B}. Also 2M
atoms with M + 2 constants in their upper constant segment, each corresponding to a row or a column and
containing the queens in the row or column, the corresponding C,, or R, and the constant B. Fo(R™) also
contains as many atoms of size 2M? as solutions the game has, each atom with an upper constant segment
that contains the inverse image of the full board of the solution, with the role of queens and empty spaces

interchanged, each ();; and Ej;; constant accompanied by its corresponding g;; or h;.

F Fq
Size # Size #
1 2M?% +1 1 2M%+1
2 2M? 2 2M?
M+2 2M M+2 2M
2M?  #Solutions 2M? 1

The total number of non-redundant atoms in F' = U F} is:

1+ 2M + 4M? + #Solutions.

In dimension M = 5, for example, the number of atoms in F is 121 and there are 10 atoms of size 50

corresponding, each, to one of the 10 solutions of the game.

Each freest solution model Fj is spawned by the non-redundant atoms of F(R™) with upper constant
segment of size smaller than 202 and the atom of size 2M? that corresponds to the solution S so, in
dimension 5, the freest solution models have each 112 non-redundant atoms. In general, for every problem

size M the freest solution models contain exactly 2 4+ 2M + 4M? atoms.

The model Fo(R™) has the non-redundant atoms of F and, in addition, many residual atoms of larger

size than 2M?2. In dimensions 4 and 5 we have the spectra in the table below.
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Fo(RtT) M=4 Fe(RY) M =5
Size # Size #
1 33 1 o1
2 32 2 50
6 8 7 10
32 2 (#Solutions) 50 10 (#Solutions)
44 4 62 8
48 89 64 8
50 744 66 100
52 88 68 432
70 2020
72 38548
74 33252
76 942

The presence of residual atoms implies the embedding is not complete, which is the case in every
dimension. However, an inspection of such residual atoms permits finding additional atomic sentences that,

together with R+, make the embedding strongly complete.

For example, in dimension M = 4 with no fixed queens, enforcing the presence of the 8 squares that are
empty in both solutions make the embedding strongly complete by eliminating all the atoms of size larger

than 32, obtaining then F' = F(R") where now R contains the extra atomic sentence:

Ei1 © B4 © Eyp © FEoz3 © E3p © B33 © By © Eyy < B.

In dimension M = 5 with no fixed queens there are no queens or empty squares present in every solution.

However, there is a set of positive atomic sentences of the form:
Eab S ch © B

By <Ej; 0OE;0B
Emn < quQErs o B

that, once added to the set BT, make the embedding strongly complete, i.e equal to the model F in the

table above.

The reader may wonder why the first embedding is complete in dimension 5 while the second embedding
is not. In the second embedding every one of these extra atomic sentences that make the embedding strongly
y complete is true in F' and in every freest solution model. In the first embedding every one of these extra
atomic sentences is false in F' and is false in at least one of the freest solution models. Observe that in the
first embedding, for a solution S that does not have the queen Q. in the board weather or not Q.4 ©® B
implies F,; is a choice that can be made, so the freest solution model should satisfy Fis = (Eqp £ Qeq @ B).
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This is not the case in the second embedding for which the positive atomic sentences used to enforce 7 imply
FS ': (Eab < ch@B)

For a similar reason this second embedding is not concise either. Sentences in blocks EQB and QEB
imply sentences in the interpretation constants () that are not implied by the interpretation sentences ;.
For example, the sentence @, s{E,s : (Qrs, Qij) € A} < Q;; ® B is true in every solution and implied by
v, as long as Q;; is a queen in the board in said solution. However, if @;; is not a queen in the board of

the solution then this sentence is not implied by the chosen interpretation and, hence, the embedding is not
Q

concise. As a result, for every solution .S, the freest solution model F2| § given by this embedding is not equal
to the freest solution model Fl‘g of the first embedding (which is concise). However, it is true that Fl‘g is

strictly freer than Fgg and, then, every atom of FQ‘%) is an atom in Fl‘g Weather or not an embedding is

concise depends on the interpretation sentence chosen.

By calculating the freest model Fo(R™) we could find all the solutions with or without fixed queens on
any dimension by just looking at the atoms of size 2M2. The number of calculations that are necessary in
a classical computer to calculate the atomization using full crossing is, unfortunately, quite large; even in
low dimension billions of atoms appear during the calculation of Fo(R™), a calculation that may take many
hours to compute. However using a sparse version of the full crossing operation (see [4]) the calculation can
be carried out under a second. If we increase the dimension a little bit the number of atoms that appear
during the calculation with full crossing reaches astronomical numbers. However, solutions can still be found
very fast using sparse crossing, so this embedding can be used in practice to find solutions of the N-Queen

completion problem.

Third embedding: the second embedding is tight and explicit and we also know how to make it strictly

complete and, therefore, also complete. However, unlike the first embedding, the second embedding is not
concise. We can easily make our second embedding concise with the help of one additional embedding

constant U.

As we mentioned above, our second embedding is not concise because a solution that does not have Q);;
in the board does not imply ©,s{Eys : (Qrs, Qij) € A} < Qi; ©® B and we are enforcing this sentence as part
of the encoding of m with the block EQB of positive sentences. We can address this issue by replacing EQB
with the sentences EQBU:

Ors{Ers 1 (Qrs, Qij) €A} < Qi ©BOU

and by replacing the set QEB with the set QEBU:
Qij S QS{Eis : 3#]}®B®U

QUSQT{EWT#Z}QB@U

Since U is not an interpretation constant these sentences do not have consequences in the space spawned

by the interpretations constants, and now we have a concise embedding F' gQ = FC(S)‘Q. To find solutions

using this embedding we have to be careful to replace the negative atomic sentence 8 = ViVj(Q;; © E;; £ B)
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with the set U of M? negative atomic sentences defined as:
Qi Ob; £ BOU.
The third embedding set is then:
RT=GHURCUIBUEQBUUQEBU U {4}

R™ = BUUNRC,
that finds solutions to the problem as well as the second embedding.

With no queens set in the board at the beginning of the game, the atomizations of Fo(R™) for the
third and second embeddings differ only in a set of one atom of size 1 and 2M? atoms of size 3 present in
the atomization of the third embedding and absent in the second embedding. The atom of size 1 has the
constant U in its upper constant segment and the atoms of size 3 have, each, the constant U and either one
constant (); ; and its corresponding context constant g; ; or one constant E; ; and its corresponding h; ;. All

the other atoms are the same.

The atomizations for the freest solution models Fs corresponding to the second and third embeddings
differ in the same atom of size 1 with U in its upper constant segment and M? atoms of size 3 with constant
U and either @); ; and its corresponding context constant g; ; if E; ; is present in the solution S or E; ; and

its corresponding h; ; if Q; ; is present in S.

F Fs
Size # Size #
1 2M? + 2 1 2M? + 2
2 20 2 2M?
3 24 if M = 4, 2M? otherwise 3 M?
M +2 2M M+-2 2M
2M? #Solutions 2M? 1

For the atomization of F' = UgFs we again see in the third embedding an extra atom of size 1 and the
2M? atoms of size 3 that Fo(R™) had, except on dimension M = 4 that we only get 24 = 2M? — 8 atoms

with 8 atoms missing corresponding with the 8 empty cells present in both solutions of the game.

So far we have seen that the atomization of the model F(R*) for the second embedding and the
atomization of Fc(R™) for the third embedding are quite similar to each other while the atomization of
the first embedding is very different than the other two. However, the atomizations of the restricted model
Fo(R1)I? for the first and third embeddings are identical while the atomization of this model for the second
embedding is different. The same occurs for the atomization of F‘SQ or FIQ. This is indeed expected from
the fact that the first and third embeddings are both concise and from theorems 9, 10 and 15.

The freest solution models restricted to the embedding constants F éQ are equal for the first and third

embeddings and have the following spectra of atom sizes:
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Fl@ EMB 1 EMB 2 EMB 3
Size # Size # Size #
1 M?+1 1 1 1 M?+1
2 M? 2 2M? 2 M?
M2 1

For the first and third embeddings, the model F(RT)!? is equal to the freest model over the embedding
constants Fg () that has M2 + 1 atoms of size 1. However, for the second embedding the model F(R1)I?
has many atoms, 960 for M = 4 and many more for higher dimensions. This atomization is actually very

similar to that of Fo(R™) but with smaller atom sizes and a single atom of size 1.

Finally, model FI? is also equal for embeddings 1 and 3, and for M > 4, again equal to Fq(0). For
embedding 2 model FI9 has one atom of size 1, M? atoms of size 2 and as many atoms of size 2M? as

solutions.

Since F¢ (R*)‘Q = FI@ we can use theorem 14 to state that the third embedding, just like the first, is
complete. However, while the first embedding is also strictly complete for M > 4 the third embedding is not
as implied by Fo(RT) # F. To make the third embedding strictly complete we will have to add the same
additional sentences than in embedding 2 with the difference that, now, the extra constant U appears in the
right hand side.

6 Sudoku

For the Sudoku it is possible to use an embedding strategy very similar to that used to embed the N-Queens
Completion problem. For the classical Sudoku game in a 9 x 9 grid with 81 cells, we can define 9 constants
N,,;i; for each of the 9 possible numbers written in a cell (4,7), i.e. 729 constants N,;;. We can also define
a constant G for the grid and the order relation < can be used to determine if the grid has a number in a

cell. An interpretation can be built with the following sentences:
a ="YiVj Vy, (Npij < G)”

B = "Vn¥m(m # n)ViVj(Npij © Npij % G)”
v ="VnVidj(Npij < G) AVnVj3i(Npiy < G) AVnvz3idi((i, j) € cells(z))(Npi; < G)”
€ ="VYnViVj ((Nni; € I) = (Nnij < G))”
7 = "YnViVj¥rVs (Nnij, Nnrs) € A) = (Npij © Nprs £ G))”

where z is an index for the nine 3 x 3 subgrids of the sudoku, cells(z) is the set of square cells in the subgrid
z, A is the set of pairs of constants representing incompatible choices, i.e. repeated numbers in the same
column, row or subgrid. Finally, I is the set of constants representing fixed numbers in the sudoku grid at

the beginning of the game.
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The interpretation constants are ) = {Np;;, G}, the interpretation sentence is:
p=aANBAYANeAT,

and the scope sentence is:

(1]

= Q.

We can determine the position of the numbers in the grid by using:
Nyij < G < the sudoku has a number n at position (i, j)

The separator set is:

Embedding: We have interpretation constants @ = {N,;;,G}. Consider the embedding constants
C = {Nyij, G,Whij, Rni, Cnj, Znz, gnij } where Wy, plays the role of a negation of the N,;; in a similar
way that F;; represents the negation of ();; in the Queens Completion problem. The set of constants R,;
represent the presence of a number n in a row 4, Cy; represent the presence of a number n in the column
j and Z,. represent the presence of a number n in the subgrid z; these three sets have 92 constants each.

Finally the set of 9% context constants gni; are used to make the embedding explicit. In total we need

|C| =3 x93+ 3 x 92 + 1 = 2431 constants.

(LR ALMA

We start by encoding the meaning of W,,;;. We can use the set WN of 2 x 9% atomic sentences:

Omm#nWmij < Npij © G
Npij < OmimstnWinis © G.
Now it is possible to encode 3 with the set NWG of 93 negative atomic sentences:
Npij © Whij £ G,
instead of directly using the 8 x 9% negative atomic sentences of /3.

The encoding of v can be carried out with the set RCZ of 9% atomic sentences:

R, ® an (O] an(i,j) < Nnij,

where z(i,7) is a function that maps a position (i, ) of the grid to its subgrid index with 1 < z < 9. We

also use the set NRCZ of 3 x 92 negated atomic sentences:
Ry % Qnij:(n,i);é(m,:v)Nnija

Cmy £ Oniji(n.g)#(m.y) Nnij

Zimk £ Oniji(n,2(6,5))#(m.k) Nnijs
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and the atomic sentence:
0 =" Onz Rnz ®ny Cny Onz Zn < G”

that sets the goal of the game.

€ is encoded as |I| atomic sentences, the block IG, of the form (N,;; < G), one for each of the numbers

provided as hints and fixed in the sudoku grid.
To encode 7 we use the block W NG of 4 x 9% atomic sentences:
Ors{Whnrs : (Nnrs, Nnij) € A} < Npijy © G
Npij S O{Whis : s #j} © G
Npij <O {Whprj ir #i} 0 G
Nnij < Ors{Wars : 2(rs) = 2(ik) A (r,5) # (i,J)} © G,
and also the set WG of 92 negative atomic sentences:

O Whij £ G.

Finally we use the set NGG of 9% atomic sentences:
Nnij < G © gnij
to make the embedding explicit.
The embedding set is:
RT=WNURZCUIGUWNGUNGG U {6}

R =NWGUNRCZUWG

The embedding is tight and explicit but not concise.

The calculation of the complete atomization using full crossing is computationally heavy. To get some
insight we can reduce the dimension of the sudoku grid to 4 x 4 with 4 subgrids. For a sudoku with no
numbers set at the beginning of the game we can assign numbers 1,2, 3,4 to one of the subgrids and still

find every solution up to a permutation of the numbers. We obtain the following atomization:

Albeit computationally expensive full crossing could be used to calculate Fo(R™) and, hence, find every
solution for Sudoku problem. Fortunately, if we use an sparse version of full crossing, the sparse crossing
algorithm of [1], this embedding works very well in practice and can be used to resolve sudokus. Even more,
if no numbers are set in the grid sparse crossing is capable of generating complete sudoku grids with this

embedding.

The freest solution models Fg have every atom of Fo(R™) with size smaller than 112, one atom of

size 112 corresponding to the solution S and no more atoms, i.e. 242 atoms in total. F = UgzFs has 253
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Feo(R™)

Size #

1 65

2 128

6 48
112 12 (#Solutions)
143 32
144 16
149 48
150 48
151 16

atoms corresponding with every atom of F(R™1) smaller or equal to 112, which means the embedding is
not strongly complete. Each atom of size 112 can be mapped to one of the 12 solutions of the game, up to
permutations, as we have fixed the numbers in one of the subgrids. The embedding can be made strongly

complete by adding a set of 80 positive atomic sentences with the form:
Wab S ch O] Wef ® G

Wij < Wkl @Wmn oG

which, once added to the embedding, have the sole effect of removing every atom of size larger than 112 from
the atomization. This set of sentences may not be unique; other sets of sentences may also work to make the
embedding strictly complete. The 80 atomic sentences encode rules of the game that can be used to resolve
the sudoku and can be derived from the atoms of size larger than 112. The sparse crossing algorithm [4]
uses these larger atoms as well as redundant atoms to (via pinning terms, see [4]) discover the solutions of

the game.

7 Hamiltonian Path

We consider here the problem of undirected Hamiltonian paths and build embeddings for this problem that
can be easily extended to Hamiltonian cycles or directed Hamiltonian paths. Given a graph of N vertices
{v1,v2,...,un} and E edges {eq, ea, ...,eg} we want to find a path P that passes through every vertex without

repeating any.

We start by defining constants ey, es, ..., eg for the edges and a constant P for the path, so a solution

that satisfies e; < P is interpreted as a path that passes through edge e;.
Consider the interpretation sentence:
o ="“Fol 0?2, ..oV 3el,e? eV tanp

with
a = k("0 e VI(EM) AV # k= " #07))”
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B ="VYj((e; < P) & Fk(e; = €"))”

where v’ and e* are variables bounded to vertexes and edges respectively and V (e) is the set with the two
vertexes of edge e. Super-indexes enumerate positions along the path while sub-indexes identify the different

edges and vertexes.

The interpretation constants are @@ = {E;, P} and we can chose the scope sentence to be:
== /\f\/ \/j{ej § P: v; € ‘/(6j)}77
that satisfies ¢ = Z. The separator set for this scope sentence is:

I'={(e; <P):1<j<E}.

First embedding (almost): We are going to build first an embedding for a different but closely related

problem, the problem of finding a path, perhaps disconnected, that joins the N vertexes of the graph.

For the disconnected path problem we can use the same interpretation constants, scope sentence and

separator set than we just defined for the Hamiltonian path but, with the help of:
v=NVi,j,k((i #5 #k#1i)N(ei,ej,ex < P)) = Av(veVie)NViej)NV(er))”

we define the new interpretation sentence:

p=7ANE.

To build an embedding for this problem we define constants vy, vs, ..., vx for the vertexes. With these

constants we can describe the graph with a block VVE of E positive atomic sentences:
ULk) O VRk) S exr OU

where v,y and vg) are the two vertexes of edge e and U is an auxiliary constant used to make the
embedding concise. We complement the description of the graph with the block VEVU of V' negative atomic

sentences:
v £ Op{er :vi € Vier)} 0 {v; 1 j #i} O U.
Let E(i) be the set of edges that have vertex v; in one of their ends. For each vertex v;, consider the
m; = |E@)|(|E()| — 1)(|E(7)| — 2)/3! sets of three edges connected to v;. To describe a path we can define
a block B3E of ), m; positive sentences:
r<e,Oep e,

where e, ep, €. are three different edges connected to the same vertex and x is an extra constant. To state
the problem we use:
§= “@ZV’UiSP@U”

that specifies the path passes through all the vertexes and

GZLL.TﬁP@U”
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to make sure the path does not cross a vertex more than once.

To make the embedding explicit (and also tight) we use the block G of E positive atomic sentences:
er < POgg
where g1, go, ..., gg are E context constants.

We have used the interpretation constants () = {E;, P} and the embedding constants C' = {E}, P,v;, g;,z,U},
with a total of 2F + N + 3 embedding constants. The embedding set is:

R*=VVEUB3EUGU {§}

R~ =VEVU U {e}.

In total, 1 + 2E + ), m; positive atomic sentences and N + 1 negative atomic sentences.

We have chosen to encode the fact that a path does not cross itself by using the set B3E of positive
atomic sentences plus the negative atomic sentence e. Instead, we could get rid of constant x and directly
use ), m; negative sentences:

ea@QepOe. L POU.

However, that is a worse option for this embedding. If we use the block B3E of positive atomic sentences
we can find solution models with at most |[R~| = V 4 1 atoms, while an embedding using negative sentences
could require as many as 1 + V' + Y. m; atoms. It is clear that if we use negative sentences the embedding
has the geometry of the graph encoded in the atoms but not the path. If we use positive sentences the atoms

encode both, the requirements of a well-defined path and the geometry of the graph.

Since the embedding is tight we will be able to find a freest solution model for the suitable path (or paths)
atomized with non redundant atoms of Fo(R™). In addition, since the scope sentence = is a conjunction of
disjunctions, theorem 24 tells us that for each solution path there is an irreducible model for the solution

atomized with non-redundant atoms of Fo(R™).

Second embedding (almost): We can extend our first embedding to get a bit closer to the Hamiltonian

path. The ingredient missing in the previous embedding is the continuity of the path. Since we have a graph
with a fixed number of vertexes N, we can use first order logic to express continuity without problems as we

did in the sentence « (such a thing is not possible if N not specified).

To express continuity we are going to use N additional constants {wj, ws, ..., wy } for the sequence of N

vertexes along the path and N — 1 additional constants {p1, pa, ..., py—1} for the edges along the path.

Define the block WWp of N — 1 positive atomic sentences:

w; © Wip1 <P O U,
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and the block WpV of N negative atomic sentences:
w; LOpi{prriFk NiFEk -1} 0;{v;:j#itOU.

‘We should also add:
P= ®£V_1pi7

that form a block Pp with two positive atomic sentences, and:
oNv; = O w;
that also form a block VW of two positive atomic sentences.

The interpretation constants are the same as before and the embedding constants are now C =
{Ej, P, pi, w;,v;, g5, x, U}, with a total of 2E + 3N + 2 embedding constants. The embedding set is:

RT=VVEUB3EUGU{§}UWWpUPpUVW

R™ =VEVUU {e}UWpV.
In total, 4 + N + 2E + ). m, positive atomic sentences and 2N + 1 negative atomic sentences.

This embedding is closer to an embedding for a Hamiltonian path but it is still an embedding for a

potentially disconnected path that passes through the N vertexes.

Third embedding: what fails in the second embedding is that there is no guarantee that constants w;

are mapped to vertexes neither constants p; necessarily map to edges. To build an actual embedding for a
Hamiltonian path we have to ensure such mapping which, as far as we know, can only be done by modifying

the interpretation.

Instead of using e; < P to indicate that edge e; is in the path, we can use e, = p; to assign edge ey
not only to the path but also to a specific position p; along the path. In addition, if we want to make sure
the sentences WWp, Pp, VW and WpV do indeed enforce a continuous path, also vertexes should each be

assigned to a specific position in the path: v; = w;
The new interpretation requires the interpretation constants:
Q = {vi,wj, e, pi}
The scope sentence can be chosen to be:
E =AY VY (i =w)) ANTHVE (er = 1)),
that lead to a separator set:

re (vj S wg), (w; <v3):1<4,j <N
(ex <pi),(m<er):1<I<N-1 1<k<FE
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The interpretation sentence has to be modified accordingly by replacing 8 with:
B = NFk((e; = pr) & (1 = ")) AVjTFi((v; = w;) & (vj = v'))”
in the interpretation sentence ¢ = “Jol,v? ..., vV el e, ...,eN"Tanp 7.

With this change of interpretation it is possible to use the same atomic sentences of the second embed-
ding. However, the block G introduced to make the first and second embeddings explicit should be replaced
by a new set of sentences according to the change in the separator set. The following 2N? + 2E(N — 1)
atomic sentences:

er < pr © upko
Dr < €1 O Uik
v; S wj O 2ijo
wj < v; O Zi51

where the u's and z’s are two families of context constants, make the embedding explicit. It is possible (and
convenient) to use theorem 25 to reduce the number of context constants to 2E(N —1). Consider the block
H with 12 x E(N — 1) atomic sentences:

hiko © e1 = pr © hygo

hiko © vL(e;) = Wi © huko
hiko © VR(e) = Wk+1 © huko
higr © €1 = pr © hyga
hik1 © VR(e)) = Wi © hig
hik1 © vp(e)) = Wrt1 © Pk

Each context constant is reused here 6 times and each edge e; is associated to a position pj twice, corre-
sponding with the two ways a path can traverse through an edge. Finally the embedding for the Hamiltonian
path uses embedding constants:

C ={Ej, P,p;,w;,v;, h;,x,U},

with a total of E 4+ N2 + 2N + 2 embedding constants and the embedding set is:
RT=VVEUB3EUHU{§}UWWpUPpUVW

R~ =VEVUU {¢} UWpV.

The embedding has 4 + N + E + >, m; + 12 x E(N — 1) positive atomic sentences and 2N + 1 negative

atomic sentences.
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8 Prerequisites

Theorem 1. Let M be an atomized semilattice model over a set of constants C and let Q be a subset of C.
Let the restriction of M to Q, written M|Q be the subalgebra of M spawned by the terms and constants over
Q. Then M'? is the model spawned by the restriction to Q of the atoms of M. The restriction of the atoms

of a model to a subset of its constants produces the same model for every atomization.

Proof. See theorem 22 of Finite Atomized Semilattices for a proof. O

Theorem 2. Let M be an atomized semilattice model over C' and let Q C C. For each non-redundant atom

a of MIQ there is at least one non-redundant atom of M that restricted to Q is equal to c.

Proof. See theorem 23 of Finite Atomized Semilattices for a proof. O

Theorem 3. Let M and N be two semilattice models over the constants Cyy and Cn respectively, such
CyNCyx =0 and M = [A] and N = [B] where A and B are sets of atoms. The model M & N is atomized
by AUB, i.e. M@ N~M+ N.

Proof. See theorem 30 of Finite Atomized Semilattices for a proof. O

We are also going to use the following result:

Theorem 4. Let R* be a set of positive duples and R~ a set of negative duples.

i) If RT U R~ = rT for some duple r then, either RT™ U R~ U {r*} has no model or RT alone implies v,
ie. Rt =T,

i) If RT U R~ = s~ for some duple s then there is at least one duple t € R~ such that RT™ U {t~} = s™.

Proof. Assume RY U R~ U {r*} is consistent. There is a model M = RT U R~ U {r*}. Now assume
Rt % 7t then there is a model N = Rt U {r~}. Without loss of generality we can assume M and N
are atomized. Let the model M + N be the model spawn by the union of the atoms of M and the atoms
of N. Model M + N satisfy all the negative duples of M and N, i.e. M + N |= Thy (M) UThy (N) and
M + N |= Thi (M) NTh{ (N). It follows M + N = R* U R~ U {r~} contradicting R* U R~ = r*. This
proves (i).

To prove (ii) assume that for every duple t € R~, R U {¢t~} # s~. This means that there are models IV
satisfying Vt(t € R7)3INy(N; E RT U {¢t"} U {sT}). Consider the model @ spawn by the atoms of all the
models N;. We have Q = RT U {R™} U {s*} contradicting RT U R~ = s~. O
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Theorem 5. Let duples r = (rp,rr) and s = (sp,sr) and a model M such that M | s,
i) Thi (M) U{rt} = st if and only if M = ((rr < sr) A (s1. < sr ®rr)), and
i) Thg (M)U{s™} = r~ if and only if M |= ((rr < sr) A (s1, < sr ®rL)).

Proof. Thy (M) U {r*t} = sT means that for any model N such that N = Thg (M) we should have
N E (=rt Vv st), and using —-rT =7~ and s = —=s~ we get N |= (r~ V —=s7) which proves that statements
Th(M)U{r*} = st and Th{(M)U{s~} = r~ are equivalent, and then (i) and (ii) are also equivalent.
It suffices with proving (i). Right to left, condition M = ((rgp < sr) A (sp < sg ©® rr)) implies that
Th(MYU{rt} = ((rp <rr <sr)A(sL <spr®7L)) = (s < sgr), and the left side follows. To prove (i)
left to right we can use theorem ??. Note first that if M = r+ then the left side of (i) implies M & s+ which
we have assumed false. Therefore, we should have M = r~. A duple s* implied by the set Thf (M) U {r*}
should be modeled by F(Th{ (M) U {r*}) and therefore either M = s*, against our assumptions, or s* is
obtained from the full crossing of r. In the proof of ?? it is shown that if s™ occurs as a consequence of

crossing r then M |= ((rgr < sg) A (s < sSp O L)) O

9 Grounded models

Let K be a subset of the constants K C C. The atom “¢ grounded to K”, written (va is an atom that
exists only when U¢(¢) C K and then ¢ ¥ = ¢.

The model M grounded to K, written M VK , is the model spawned by the grounded atoms of M and
Sk or, in other words, the model spawned by the atoms of M with an upper constant segment that is a
subset of K and ©f. It turns out that M “K is a well defined model, i.e. it does not depend upon the

atomization chosen for M.

The role of © is to ensure the sixth lemma of finite atomized semilattices is satisfied. In practice, we

need to add ©x only if it is not redundant with the grounded-to-K atoms of M.

We say that model M over the constants K is a tight subset model of another model N, written M — N

if each non-redundant atom of M is either a non-redundant atom of N or is equal to S

Theorem 6. Let K C C and M a model over the constants C.

i) If ¢ is redundant with M then QSVK either does not exist or is redundant with M’ ¥ .

i1) Each non-redundant atom of MK s a non-redundant atom of M or is equal to Sk, i.e. MK jsq tight
subset model of M, written MK M.

iii) MK is a well-defined model.

iv) MK s as free or less free than M

Proof. When we ground M to a subset of its constants K we do a selection of atoms of M. For each atom
¢ € M either (va does not exist or if it does qva = ¢.
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(i) Assume ¢ is redundant. Then ¢ = ;¢; for some (different) atoms {¢1, ..., on} in M. If ¢ K exists (i.e.
U¢(¢) C K) then since U¢(¢) = U;U°(;) we have that each @ZK satisfies U¢(p;) C K and then w:K exists
and is an atom in MVK7 and then ¢VK = VZ‘@ZK- Since wZK = # ¢ = (va, then (va is a union of
atoms different than ¢ X and, hence, redundant with M X,

(ii) Suppose now that QSVK # Ok is a non-redundant atom in MK This implies that qbVK exists, i.e.
U¢(¢) C K, and qva = ¢. From (i) we know that if ¢ were redundant with M then QSVK would be
redundant with MK and it is not. Hence, ¢ is non redundant in M. Every non-redundant atom in M YK
is non-redundant in M or equal to ©, and this is the definition of a proper subset model.

(iii) We have shown that if gf)vK exist and ¢ is redundant with M then ¢VK is redundant with M % , therefore
MK is defined by the non-redundant atoms of M and is independent of the atomization of M.

(iv) Since © discriminates no duple over K, hence, any duple over K discriminated in M K is discriminated
by some grounded atom of M that is also an atom of M. It follows that any duple over K that is negative

in MK is also negative for M. O

When is cleaner, we sometimes use [|Q]M as an alternative symbol for the restriction MI? and also
[VK]M instead of the grounding M V% for example, in the next theorem [VK]|M appears in an smaller font

at the discriminant:

Theorem 7. Let r a duple over K C C and M a model over C.
i) disp g (1) = [V K]dis (7).
i) Grounding and crossing commute: O,V KM = [VK]O, M.

Proof. First, observe that, since [YK]M is an algebra over K, for O,.[V KM or dis x)p(r) to be defined r
should be a duple over K.
(i) Let r = (rr,rR). The discriminant of 7 in [V K]M is:

disp g (r) = {0 : (¢ € YKIM) A (¢ <rp) A (¢ £ TR)} =

={¢: (0 M)A (U(¢) CK)A (¢ <rL) A £rR)} =["K]disy(r).

(ii) Using the definition of full crossing:
O [YKIM = ([YK]M — disp gar (1) + disp g (7) 7 Ly g (TR) =
= ("KM — disp yar(r) + ([Y Kldisn (7)) v (["KJLG, (7g))-
where we have used proposition (i) and taken into account that:
Lt g (rr) = {¢: (9 € ["KIM) N (¢ <7R)} =

={o: (6 € M)A (U(¢) € K) N (6 <rr)} = ["K[Lj;(rr).
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Now, let’s look into the set:
[YKIM —disp g (r)) = {¢: (9 € ["KIM) A (¢ £ 7L) V (¢ <7R))} =

={0: (e M)AN(U(d) CK)A((¢ £rL) V(6 <rR))}=["K|(M —disn(r)).
Finally, we argue that ([VK]disy (1)) v ([YK|LS,(rr)) = [VK] (disp (r) 7 LY, (rr)). Suppose a € disp;(r)
and 8 € L9, (rg). If (a7 B) ¥ exists then o X and 8 X should also exist, which implies ([VK]dis; (r)) ¥
(VKLY (rr)) 2 [YK](disp(r) v L%, (rg)) and, conversely, if o X and 8% exist then (o 7 8) % also
exists, hence, ([YVK]|disy (1)) v ([VK|LS,(rr)) C [V K] (dispy (1) 7 L, (1R))-
Putting all together

O, [YKIM = ([YKIM — disp gy (r)) + (["K]disn (r) 7 ([ K]LY, (rr)) =

= ["KJ(M —disy (r)) + ["K] (disy (r) v L (rr)) = [ K]0, M,

as we wanted to show. O

If we compare the proofs of theorem 7 and of theorem 25 of the paper on Finite Atomized Semilattices,
we can see that grounding and restriction are similar. However, while the hypotheses “r is a duple over Q”
is central for the theorem on restriction the equivalent “r is a duple over K” is required in the proof of 7

only to make [, definable for an algebra over K.
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10 Theorems

We sometimes write S F n for a sentence n and a set S of sentences as a shorthand for the conjunction
No:oe Stk

Theorem 8. Assume an embedding of a problem P with embedding set R over the constants C' and scope
sentence Z. Let S be a solution of P. The model Fs = Fo(R'TUS) satisfies Z and is a solution model of P.

Moreover, Fg is the freest model that can be interpreted as the solution S.

Proof. A valid embedding assumes that for each solution S there should be at least one solution model
Mg = R A ps. Let T be the separator set obtained from E. There is a sentence Zg such that =g = Z and
RApgs < Z5 AR so the solution S can be unambiguously mapped to the subset S of sentences of I' satisfied
by Zs. It follows that Mg satisfies RTUS and R~ U{-0 : 0 € 'NS}. Since Fs is the freest model of RT US
then Fg is freer than Mg and, hence, Fs should also model R~ U{-c : 0 € NS}, ie. Fs = RAZg. Using
the equivalence above between R A Zg and R A pg we get to Fis = s and Fs = RAE, so Fs is a solution
model for P that can be interpreted as S. Notice that Fg is freer than any model of R A =g and then also
freer than any model of R A ¢g. O

Theorem 9. An embedding of a problem P with interpretation constants Q and a separator set I' is concise
if and only if the freest solution model restricted to Q is equal to Fg(S) for each properly defined solution S
of P.

Proof. An embedding is concise when for every solution S and for every duple r over the interpretation
constants @ we have RA g F T if and only if og F 7+ where the solution is properly defined, i.e. described
by the sentence o5 = A{r: 7€ S}A{-v:v e NS}

We showed in theorem 8 that the freest solution model Fl is the freest model of RA s, therefore, RAps F rT
if and only if Fs = r*. According to theorem 4 negative sentences do not have positive consequences so,
ps F rtif and only if A{m : 7 € S} F rT which, in turn, occurs if and only if Fo(S) | r*. Putting
both things together: an embedding is concise if for every r over the interpretation constants () we have
Fg = Fo(RTUS) =t if and only if Fo(S) | rT. Since any model and its restriction to Q agree on the sign
of every duple over @, in a concise embedding the restriction to @ of Fs should be equal to the restriction
to Q of Fo(S). Using that all the duples of S are over Q, the restriction Fo(S)I? is equal to Fg(S) and we
finally get that in a concise embedding FJ@Q = Fp(95).

Conversely, if F L‘gQ = Fg(S), for any duple r over the interpretation constants @ holds that Fg = r* if and
only if F(S) Ert. Now, Fs = Fo(RT US) = rt means that the freest model of RT U S or, equivalently,
the freest model of R A ¢g models 7 and then every model of R A ¢g models r™ which can be written
as R A pg b rT. Same is true for F(S) that satisfies Fo(S) | r* if and only if pg b 7. Therefore,
R A gk rtif and only g - rt and the embedding is concise. O
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Theorem 10. Two concise algebraic semantic embeddings of a problem P using embedding sets Ry and Ra
over C1 and Cy respectively that share the same interpretation (Q, ¢,T') produce for each solution S of P a

freest model of S with the same non-redundant atoms restricted to Q.

Proof. From theorem 9 we know that for every solution S two concise embeddings will produce the same freest
solutions restricted to interpretation constants Fl‘g = leg = F(S). Theorem 1 says that the restriction
to @ of a model is the model spawned by the restriction to @ of its atoms. Therefore, the non-redundant
atoms produced by restricting the atoms of Fig to @ should be equal to those obtained from the restriction
to @ of the atoms of Fsg. O

Theorem 11. Let R be an embedding of a problem P with embedding constants C' and interpretation
constants Q. Let F = UgFs where the union runs along the solutions of P.

i) A non-redundant atom ¢ of Fc(R™) is external to F if and only if ¢ is external to every freest solution
model Fs.

ii) Let s be a duple and S a solution of P such that Fc(R") = s~ and Fs = st. Fvery atom ¢ € Fo(R™)
that discriminates s has a restriction ¢!9.

iii) Every atom ¢ of Fo(R™) that is external to at least one Fs has a restriction ole.

iv) An atom of Fo(R™) with no restriction to Q is an atom of every freest solution model Fs.

Proof. (i) Since F = UgFg, an atom that is external to F' must be external to every F. In the other direction,
suppose ¢ is a non-redundant atom of Fo(R™) that is external to every Fg. Since Fs = Fo(RT U S) the
atoms of Fyg are all atoms of Fo(R™1) so we can write Fg C Fo(R™') and from here F' = UgFg C Fo(R™).
Since the atoms of F are all atoms in Fo(R™1) then ¢ cannot be redundant with F' because if it were then
it would also be redundant with Fo(R™) and it is not. If ¢ is non-redundant in F then it is non-redundant
in some Fg and this contradicts our assumption. Therefore ¢ is external to F.

(ii) Suppose we have a model M and a couple of duples r = (rp,rg) and s = (sz,sg) such that M = s~
and O, M = s (we write this as M = (r* = sT)). Theorem 5 proves that M | (rt = s) if and only if
M= (rr <sp)A(sp < sprOTL).

Suppose a duple s and a solution S of P such that Fo(R") = s~ and Fs = sT. Then Fo(RTUS) | st.
Let {q1,92,.--,gn} = S. There is some ¢ < n and i > 0 such that Fo(RT U {q,q2,...,¢;}) = st and
Fo(RY U{q1,q92,.-,qi—1}) E 5. Let r = ¢ and M = Fo(R" U{q1,q2,..-,qi—1}) and let’s use the result
above to write: M | (rgr < sr) A(sp < sgpOrL).

All the duples in {q1, g2, ..., ¢» } are duples over @ so r is a duple over Q. Any atom ¢ of M that discriminates
s is an atom (¢ < sp) A (¢ £ sr), that together with M = (sp < sgp ® rr) implies (¢ < rr). Since r is a
duple over @ then U¢(¢) N Q # 0.

(iii) We are going to use the result:

- If ¢ is a non-redundant atom in a model M with constants C' then either U¢(¢) = C or there is at least
one duple (c,t) that is discriminated in M only by ¢ where ¢ is a constant in the set U¢($) and t is equal to

any idempotent summation of constants in C — U°().
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Applying this result to a non-redundant atom ¢ in Fo(R™) with U¢(¢) # C that is external to at least one
Fg follows that there is a duple s = (¢, t) that is discriminated in Fo(R") only by ¢ and then Fg = st.
In this situation proposition (ii) tells us that ¢/ exists. In case U¢(¢) = C then ¢l9 exists and has upper
segment equal to Q. Therefore, every non-redundant atom in Fiz(R™T) that is external to Fig has a restriction
ole.

What about redundant atoms? A redundant atom ¢ with Fo(R™) is a union of non-redundant atoms of
Fco(RT). Let X be a set of non-redundant atoms of Fo(R') which union is equal to ¢. If ¢ is external to
Fs there should be at least one non-redundant atom ¢ in X external to Fyg, so the upper constant segment
of ¢ contains the upper constant segment of ¢ and, because ¢!? exists, then ¢ cannot have null intersection
with @, so ¢/? also exists.

(iv) It is the negation of prop iii. O

Theorem 12. Consider an embedding with embedding set R and interpretation constants Q:

i) a # 6¢ is a residual atom if and only if o is a non-redundant atom of FC(R+)|Q and is external to the
restriction to Q of the freest solution model, i.e. FéQ, of every solution S of P.

i1) A residual atom is external to F1Q where F = UgFg.

i) An embedding has no residual atoms if and only if FI® = Fo(RT)I9.

) If o is residual then there is at least one non-redundant atom ¢ € Fo(RY) such that a = ¢l9.

v) Any non-redundant atom ¢ in Fo(RT) such that ¢|9 is residual is external to F = UgFyg.

vi) Suppose the embedding has no residual atoms and let ¢ be a non-redundant atom of Fc(R™) such that
9 emists, is non-redundant in FC(R+)|Q and 1is different than ©q; there is some solution S such that
¢l@ e Fi.

Proof. (i) An atom a is residual if it is a non-redundant atom of F(R1)I? different than ©¢ that is external
to every M gQ where M is any solution model of P. The freest solution model Fg of a solution S is (equal
or) freer than any solution model M of S and then F. JgQ is freer than every M JgQ. Therefore, any atom of
that is external to FgQ is external to every M ‘SQ. Since Fyg is also a model of S then we have the equivalent
statement for a definition of redundant atom: an atom « is residual if and only if « is a non-redundant atom
of Fo(RT)I® different than O that is external to the solution model F é@ of every solution of P.

(ii) The proof is similar to that of theorem 11 part i. Since Fg = Fo(RT U S) then Fo(R™) is freer than Fg
so the atoms of Fg are all atoms of Fo(R™T), i.e. Fs C Fg(R™). Therefore F = UgFs C Fo(RT) and then
FIQ = USF‘SQ C Fo(RT)!9. A residual atom o must be a non-redundant atom of Fo(R1)I?, so it is either
a non-redundant atom of FI? or external to F!?. Now, FI? = UgF ;Q implies that every non-redundant
atom of F!¥ should be a non-redundant atom of at least one F slrQ and proposition i. says that « is external
to every FlsQ, hence, o must be external to FI?.

(iii) We just showed that FI® C Fo(RT)I?. Assume « is a non-redundant atom of Fgo(R")I9 external to
FIQ. Notice that ©¢ is an atom of every model over Q so, if a is external to F!? then a@ # ©¢. Since
FlQ = UgF, JgQ then o must be external to every F! éQ and therefore, from proposition i. « is residual. It

follows that, if the embedding has no residual atoms, every non-redundant atom « of Fo(R1)I? must be in

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091



D2.2 - AML Theorems 1T @ ALMA

FI®Q and then F® = FC(R+)|Q. In the other direction, using part ii, a residual atom is external to FI? so if
FIQ = Fo(RY)IQ it would be also external to Fo(R1)IQ which contradicts the definition of residual atom.
Therefore, FI® = Fo(R1)I9 implies the embedding has no residual atoms.

(iv) A residual atom « is non-redundant atom in Fo(R')I9. From theorem 2 follows that there is at least
one non-redundant atom ¢ € Fo(R") such that a = ¢/9.

(v) We showed above that F' = UgFs C Fo(R'1). Since the atoms of F are all atoms in Fo(R™) then ¢
cannot be redundant with F because, if it were, it would also be redundant with Fo(R™) and it is not. In
addition, if ¢ is non-redundant in F' then it would be non-redundant in some Fg and then o € FL«Q against
the assumption that ¢!9 is a residual atom. Since ¢ is neither redundant with F nor a non-redundant atom
in F then ¢ ¢ F.

(vi) Suppose such solution S does not exist, i.e. for every solution ¢l ¢ F 5'9. Since ¢!9 is non-redundant in

Fo(RM)IQ and is not equal to ©g, prop. i tells us that ¢l? is a residual atom, against our assumptions. [

Theorem 13. An embedding of a problem P has a residual atom if and only if there is a positive atomic

sentence r+ over Q such that R A ps = rt for every solution S of P and Rt/ r™.

Proof. Let R be the embedding set over the embedding constants C. Define the set of atoms F = UgFg
where Fg is an atomization of the freest solution model Fo(RT U S).

(=) Suppose « is a residual atom of the embedding. From theorem 12 we know that there is at least one
non-redundant atom ¢ € Fo(RT) such that a = ¢l?. If a is non-redundant in Fo(R)IQ with U¢(a) # Q
then there is at least one duple r of @ discriminated only by ¢/ in Fe (R"’)‘Q and discriminated by ¢ in
Fo(R1) so Fo(RT) = r~ and then R/ r*. Since « is not an atom in any FJQQ and every FlsQ C Fo(RM)I@
(see the proof of theorem 12) then r is not discriminated in any solution model FgQ. This means that
VS(Fs | rT) or, in other words, VS(Fc(RT U S) = r1) that can also be written as VS(R A ps 7).

(<) Conversely if there is a duple r over @ such that R I/ r™ and RA¢g F r* for every solution S of P then
Fo(RT) | 7~ and it follows that there is at least one non-redundant atom ¢ in the freest model Fe(R™)
that discriminates r. If ¢|9 is a non-redundant atom of Fo(R")I9 then ¢!/9 cannot be an atom of any FéQ
(otherwise R A ¢g - r7) and then #l? is a residual atom of the embedding. The atom ¢!/ may, however,
be redundant in Fo(R1)IQ. If |9 is redundant with Fo(R*)? then there should be some non-redundant
atom a in Fo(R)I9 that discriminates r. From theorem 12 we know that « is the restriction of at least one
non-redundant atom 3 in Fo(R™). Since FlsQ = r+ then o = B9 cannot be in any FlsQ and « is a residual
atom of the embedding. O

Theorem 14. (i) An embedding that has no residual atoms is complete.

(i) An embedding that is complete and concise has no residual atoms.

Proof. Theorem 13 says that an embedding of a problem P has a residual atom if and only if Ir((R I/
rT)AVS(RA ps F rT)) where 7 is a duple over the embedding constants @ and the universal quantifier runs

along the solutions S of P.
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i) If an embedding has no residual atoms then Vr((R F r*) vV 3S(R A ¢g I/ r1)). Since IS(R A ¢g t/ rT)
implies 35(ps I/ 1) then Vr((RF rt) Vv 3S(ps I 1)) which is the definition of a complete embedding.

ii) If an embedding is concise then R A ¢s = r* implies pg F 7™ when r is a duple over Q. If the model is
also complete then V.S(pg 1) implies R rT, in other words Vr(VS(RA g FrT) = (RF rT)) and then

theorem 13 tells us that the embedding has no residual atoms. O

Theorem 15. Two concise and complete embeddings with embedding constants Cy and Cy respectively shar-

ing the same interpretation (Q,,T) have the same non-redundant atoms restricted to Q, i.e Foy(R])I9 =
Feo(RY)19.

Proof. From theorem 9 we know that in a concise embedding FgQ = Fg(S) and then FI? = UgFq(S).
Since embeddings 1 and 2 are both concise then FI‘Q =UgFg(S) = F2|Q. Theorem 14 proves that our two
embeddings have no residual atoms and then theorem 12 (iii) shows that Fl‘Q = Fci(RT)IQ and FQ‘Q =
Foo(RT)IQ. Putting all together Foy(RT)IQ = FllQ = UgFg(9) = F2|Q = Feo(R1)IQ as we wanted to
prove. O

Theorem 16. Consider two embeddings 1 and 2 of a problem P with the same interpretation (Q,p,I") and
let Ry and Ry be the embeddings sets and Cy and Cy the embedding constants. Let n be a non-redundant
atom of Fl‘g where S is a solution of P.

i) If both embeddings are concise then 1 is a non-redundant atom of Fgg

it) If both embeddings are concise and tight there are non-redundant atoms ¢1 € Fm(Rf) and Qo € Foo (R;r)
such that ¢|1Q = ¢‘2Q =n.

Proof. (i) Since the embeddings are concise in agreement with theorem 9 so, since 7 is a non-redundant atom
of Fllg then it is also a non-redundant atom of Fz‘g

(ii) If the embeddings are tight every non-redundant atom 7 of Fl‘g is equal to the the restriction to @ of at
least one non-redundant atom ¢, of FCl(Rf). From prop. i there is also at least one non-redundant atom

#2 of Foo(Ry) with restriction equal to 7. O

Theorem 17. Consider two embeddings 1 and 2 of a problem P with the same interpretation (Q,p,T') and
let Ry and Ry be the embeddings sets and C1 and Cy the embedding constants. Let ¢, be a non-redundant
atom of Fi1g where S is a solution of P.

i) If both embeddings are concise then (bllQ 1s either redundant with both Fl‘g and Fgg or is a non-redundant
atom in Fl‘g and in Fgg

it) If both embeddings are concise and tight either (;5‘16’2 is redundant with Fllg or there is a non-redundant

atom ¢z € Foo(RY) such that ¢|1Q = |2Q,
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Proof. Suppose |1Q is redundant with Fllg Because the embeddings are concise F1|CSQ = FQ‘g and then qS'lQ

is redundant with F2|§ If, on the other hand, ¢|1Q is non-redundant in Fllg make 7 in theorem 16 equal to
1Q O
-

Theorem 18. Consider two embeddings 1 and 2 of a problem P with the same interpretation (Q,p,I") and
let Ry and Ry be the embeddings sets and C1 and Cy the embedding constants. Let ¢, be a non-redundant
atom of F1.

i) If both embeddings are concise there is some solution S where gb‘lQ is either redundant with both Fllg and
Fgg or is a non-redundant atom in Fl‘g and in Fg‘g

it) If both embeddings are concise and tight either ¢|1Q 1s redundant with Fllg for some solution S or there is
a non-redundant atom ¢z € Foo(RS) such that ¢‘1Q = ¢‘2Q.

Proof. If ¢1 is non-redundant in F} = UgFs; then it is non-redundant in at least one Fjg. Apply theorem
17 to ¢1 non-redundant in Fg. O

Theorem 19. An embedding is strongly complete if and only if F = UgFgs = Fo(R™).

Proof. Since Fo(R™) is freer than every freest solution Fg it follows that F' = UgFg C Fo(R™). In the
other direction, let ¢ be non-redundant in Fo(R1) and external to F. Then there is at least one duple r
over the embedding constants C' that is discriminated only by ¢. Since ¢ is external to F' it must be external
to each Fs and, hence, Fs |= rT for every solution S while Fo(R™) |= r~ contradicting the assumption that

the embedding is strongly complete. O

Theorem 20. Consider two embeddings 1 and 2 of a problem P with the same interpretation (Q,¢,T') and
let Ry and Ry be the embeddings sets and Cy and Cy the embedding constants. Let ¢ be a non-redundant
atom of Fm(Ri") and assume embedding 1 is strongly complete.

i) If both embeddings are concise there is some solution S where (b‘lQ is either redundant with both Fllcs2 and
Fgg or is a non-redundant atom in Fl‘g and in Fz‘g

i) If both embeddings are concise and tight either ¢|1Q is redundant with Fllg for some solution S or there is
a non-redundant atom ¢z € Foo(RS) such that qS‘lQ = \2Q‘

Proof. 1If embedding 1 is strongly complete, theorem 19 tells us that F} = Fm(Rf). Therefore, ¢; is a

non-redundant atom of F; and we can apply theorem 18. O

Theorem 21. An explicit embedding is tight.

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091



D2.2 - AML Theorems II @ALMA

Proof. An embedding is explicit if for each solution S there is a subset Kg of the constants Q C Kg C C
such that the freest solution model for S is Fs = Fo(R") K5 @ Fo_ g (0). Since the set of constants in
Fo(RY) %s and Fo_g, (D) are disjoint, theorem 3 tells us that Fg = Fo(RT) XS + Fo_g.(0). Theorem
6 shows that Fo(R') X5 © Fo(RT), ie. the non-redundant atoms of Fo(RT) X5 are all non-redundant
atoms of Fo(RT). Regarding the rest of the atoms of Fls, i.e the atoms in the set Fo_(0), consider that
it follows from Fs = Fo(RT U S) that Fs C Fo(R'). Therefore, Fo_ko(0) C Fo(RT) and, since a non-
redundant atom ¢ in Fo_ g, () has a single constant in its upper constant segment it can be redundant with
no model, so ¢ should be a non-redundant atom of both Fs and Fo(R™). We have shown the non-redundant
atoms of Fo_ . (0) and the non-redundant atoms of Fo(RT) 5 are non-redundant atoms of Fo(RT) so
we can write Fs C Fo(R™) for every solution S of P and the embedding is tight. O

Let M be a semilattice model with constants C' and let R be a set of positive duples over C. Let
Mg = Fo(Th$ (M) U RT), i.e. the freest extension of M that satisfies R*. Let C’ be a superset of C
with a constant g, for each atomic sentence o of R. For a duple o = (a < b) define o/ = (a < b ©® g¢,).
Let Mg = For(Thg (M) Us(sier) {0/}). The set of non-redundant atoms of Mp is a subset of the set of
non-redundant atoms of Mg/, written Mg C Mpg.. In addition, the restriction to C' satisfies M 1'5 ~ M and
grounded to C satisfies MpC ~ Mpg.

Proof. Mg can be calculated by starting with model M and enforcing each duple of ¢ one by one, in any
order, using full crossing. Assume first that R contains a single duple 0 = (a < b) and consider the following
two models: the model M, = Fo(Th{ (M) U {o}) = O,M = (M — disp(a,b)) U (L(b) v dis(a,b))
resulting from full-crossing o over M, and the model M, = Foyy,y,1(Th{ (M) U {c’}) obtained from the
full-crossing of ¢’ over a model atomized by the atoms of M plus an additional atom ¢, with upper constant
segment U(¢p,) = {95}

From the definition of full crossing follows that M, = M, U {¢} U (¢, v disas(a, b)), where we are using
the same symbols for models and their atomizations. It follows that the atoms of M, are a subset of the
atoms of M. In addition, each atom of M, that is not an atom of M, contains the constant g, in its upper
constant segment. M(L(,J is the restriction of M, to the subalgebra spawn by the terms and constants over C,
and it is a semilattice model that can be atomized by taking the atoms of M, and intersecting their upper
constant segments with C; we get M[‘f = MJ,CU{¢LC} U(¢y v disas(a,b)I¢ = M, Udisy(a,b). Substituting
M, we obtain MJT(,J = (M —disp(a,b)) U (L, (b) v disrs(a, b)) Udisys(a, b) and, since disps(a,b) C M then
Mllj(,) =M U (L%,(b) v disps(a,b)). The atoms of the discriminant are atoms of M as well as the atoms of
the lower atomic segment L%, (b) C M, so every atom in L$,(b) 57 disas(a, b) is redundant with M and then
it follows that M f can be atomized by the same atoms than M, hence, they are isomorphic M f =

The model M, = M, U {¢,} U (¢, v disps(a,b)) is atomized by the atoms in M, and a bunch of other
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atoms that all contain g, in their upper constant segment. We argue that a non-redundant atom ¢ of M,
is also non-redundant in M, because ¢ does not contain g, in its upper constant segment and therefore it
cannot be written as a union of atoms with some atom containing g, so the extra atoms of M, cannot
make ¢ redundant. Therefore, the non-redundant atoms of M, are non-redundant atoms of M, and we can
write M, T M.

We have proven that given a model M of a semilattice with constants in C' and a duple o there is an
extended model M, with constants in C/ O C such that M (lf ~ M and the set of non-redundant atoms
of M, = Fo(Th{ (M) U {c}) is a subset of the set of non-redundant atoms of M,,. We can represent this

property with a triangular cell:
\2
c
v N

M, —— M,

DUJL%

where the vertical arrows represent a full crossing operation with o, written J,. From M; ¢ = M, and
{62V U (¢g 7 disps(a, b)) '€ =@ follows that M, grounded to C satisfies M_C = M, U{¢,C} U (¢5 v
disys(a,b)) ¢ = M,, which is represented in the triangular cell.

If R contains more than one duple, we can sort the duples in any order and let the full diagram be:

Malaz...an ? Mo’iag...an > Ma’iaé..‘an Maio’é,.“,a;

A A~ A~

L
MO’10’20’3 ? MO’{O’QO’g ? Maiaéag ? Ma’laéaé

Ooyg DU;;T DWT A {905}

My, oy ——— Myt g, ———— My

O, O,
2 ZT Ag"l }

M, ——— M,

Os
1 /

M

Consider the square diagrams:

e
N
M, — O, Mooy — Moio,
0, O, DQT IZI(,2T
M——0 My, —— My

The square cell on the left says that if M is atomized by a subset of the atoms of O then the result of full
crossing o over M produces a model M, that can be atomized by a subset of the atoms of O,, which is
straightforward from the definition of full crossing. For the triangular cells we have proven that the non-
redundant atoms of M, are also non-redundant atoms of M,.. For a square cell this property does not hold

in general, however it does for all the square cells in the full diagram; on each square cell we have some

© 2021 ALMA | H2020-EIC-FETPROACT-2019 | 952091



D2.2 - AML Theorems II @ALMA

O = M U X9 where XY is a set of atoms that contain each some constant ¢ that is not in the upper segment
of any atom of M. In addition, the full crossing in the square cells occurs with some duple o = (a < b)
with a and b terms over a set of constants that do not contain g. It is easy to show that in this situation
O, = M, U Y9 where Y9 is again a set of atoms that contain g in their upper constant segments and, hence,
cannot make any atom of M, redundant in O, and we can write M, C O,. Also, the grounded model to C
of O, when C contains the constants of O, except g produces O;C =M, C U (Yg)vc = M,.

Finally, since Fo(Thf (Ms,) U {02}) = Fo(Thg (M) U {01} U {03}) we can identify M,/o; . o with the
model Fo:(Thd (M) U R)" and this proves the lemma. O

Theorem 22. Let R be an embedding set over the constants C for a problem P with interpretation (Q, ¢,T")
and a scope sentence = that is a first order sentence without quantifiers and with atomic subclauses in
the separator set T'. Create a new constant g, for each atomic sentence o = (a < b) of I' and define
o' =(a<bOgy,) and the set T' = Uyer{o’}:

i) The extended embedding set R¥ = RUT’ over the embedding constants C' Uyer {9, } is an embedding of
P with the same interpretation and scope sentence.

i1) The extended embedding RUT" is an explicit and also tight embedding.

iit) For each solution S the freest solution model of the extended embedding restricted to C is equal to the
freest solution model of the original embedding.

iv) The extended embedding is concise if and only if the embedding R is concise.

v) The extended embedding is complete if and only if the embedding R is complete.

Proof. For a solution S of P consider the following diagram obtained applying lemma 10:

Fes(RTU(TNS) US) —— Fou,erfg, ) (RTUTY)

IZIST
|Cs

c(RTu(TnS) —— Fo (RTU(TNS))

msy o

Fo(RT)

Fo(0)

where Cs =C U{g, : 0 € TN S}.

(i) We argue that, just like Fs = Fo(RT U S) is a model solution of S that satisfies = (see theorem 8),
the model Ng = F, U{ga:aefﬂg}(R+ U('NS) U S) is also a solution of P that can be identified as S (we
use S for the complement of S in T, i.e. NS =T — S). Since a positive atomic sentence o’ € I has no
consequences in the subalgebra of Ng spawned by terms over C, i.e. in the subalgebra N ch, then it follows
that any positive or negative atomic sentence over the constants of C' is true in Ng if and only if it is true in
Fo(R*T U S); we can write Ngc ~ Fg = Fc(RT U S). From the diagram above and lemma 10 we have that
Ns = Fou,crigy (RTUTY) 5 and also Ns C Fou, gy, (RTUTY).
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We have built an extended embedding with embedding set R¥ = R U I'” and embedding constants C¥ =
C U{g, : 0 € T}. Notice that every pair o,c’ satisfies 0 = ¢’ and then the freest solution model for S in
the extended embedding F¥ = Fer((RP)YUS) = Fer(RTUT'US) = Fee(RT U(I'N'S)" U S) a model
that, we are about to show, differs from Ng in a bunch of non-redundant atoms. Since the constants in
{9 : 0 € S} are not mentioned in Rt U (' N S)’ U S, a non-redundant atom of Fyr(f)) with an upper
constant segment equal to a single constant in {g, : ¢ € S} remains unaltered after the full crossing of the
duples in R U(I'NS) U S as a non-redundant atom of FZ. It follows that F¥ is the model spawned by
the atoms of Ng plus a set of atoms A each with a single constant in its upper constant segment, a constant
in the set {g, : 0 € S}, so we can write F¥ = Ng + A. Applying theorem 1, (Fg)\(cu{gg:aermé}) = Ng and
also (FSE)|C = Ngc ~ Fg. This proves that if we can use I' to build a model for each solution of P using the
embedding set R we can also use I' to build a model for each solution of P using the embedding set RE.
(i) Since the constants g, only appear in the right hand side of the duples of R then the atoms in the freest
model Fgx(()) with upper constant segments in the set {g, : ¢ € I'} remain all in For(RF) as they survive
every full crossing operation with a duple in RF*. This implies the atoms of A are all atoms in Fer(RF)
and, since they have a single constant in their upper constant segment then they are non-redundant atoms,
ie. A C For(RET). We showed above that Ng T Fer(RFPY). Since FE¥ = Ng + A and both Ng and A
are tight subset models of Foe(RET) then FE © For(RPT). Therefore, for every solution S of P the freest
solution model FSE is spawned by a subset of the non-redundant atoms of For(RFT) and this proves that
the extended embedding R¥ is tight.

Since Ns a model over C' U{g, : 0 € NS} and A is a set of atoms over {g, : ¢ € S} that spawn the freest
model Fi, .,esy(0), we can write F€ = Ng + Fy_.,es3(0) and, since the sets of constants of both models
are disjoint F¥ = Ng & Fyg,:0esy(0). Tt follows that the extended embedding is explicit.

(iii) We showed above that (F£)IC = N|SC ~ Fg.

(iv) Theorem 9 says that an embedding is concise if and only if for each solution S the freest solution model
Fyg restricted to the interpretation constants @) is equal to Fg(S) for each solution S of P. Using (iii), from
(FE)IC = Fg we get (FE)IQ = (FF)I9)IQ = FJgQ so the extended embedding is concise if and only if the
original embedding is concise.

(v) The diagram above shows that Fr(RE1)IC = Fo(R"), so for every positive atomic sentence r+ over
the interpretation constants Q C C we have that R  r* if and only if RF  r* and then the extended

embedding is complete if and only if the original embedding is complete. O

Theorem 23. An irreducible model of a set R of duples has at most |[R™| + 1 atoms.

Proof. 1t is a consequence of two facts: it is enough with one atom to discriminate any negative duple and
removing atoms from a model of R always produces a model of R*. Atoms can be removed from a model

as long as R~ is still satisfied and there is an atom in the lower atomic segment of every constant. Since
OS¢ is in every model, adding ©¢ to an atomization suffices to ensure that the sixth axiom of atomized

semilattices is satisfied. Hence, it is always possible to remove some atom from an atomized model that has
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more than |[R™| atoms and still get a model of R if we add ©¢ when needed. It follows that an irreducible

model of R should always have fewer than |[R™| + 1 atoms. O

Theorem 24. Consider an algebraic embedding for a problem P with embedding set R and a scope sentence
= that can be written as a conjunction of disjunctions, i.e. = = N;&;, with each &; a disjunction of positive
atomic sentences.

i) Every irreducible model of a solution S is an irreducible model of R.

it) For each solution S of P there is an irreducible model of R that can be identified with S.

iit) If R is a tight embedding, for each solution S of P there is an irreducible model of R atomized with
non-redundant atoms of Fo(R™) that can be identified with S.

Proof. A solution model is any model of RU {=}. If = = A;; is a conjunction of disjunctions of positive
atomic sentences in a set A, we can express = in disjunctive normal form as a disjunction = = ViZ of
conjunctions Zj of positive atomic sentences in the same set A. The index k usually runs along a much
larger set of values than the original index ¢ and most values of k correspond to clauses = satisfied by no
solution of P. However, every solution S must satisfy at least one clause Zg. If S satisfies more than one
=i we can do the conjunction of these so, without loss of generality, we can assume there is a single value
of k, the value k(S), that maps to the solution S. Because Zj(g) contains only positive atomic sentences
RtTUS = Ek(s)- It follows that a model of a solution S is any model of the set of atomic sentences
Rs=RtTUR US.

(i) Suppose M is an irreducible model of Rg, i.e. it is not possible to remove a non-redundant atom of M
and still model Rg. It is clear that M is a model of R = RT U R~. We argue that M is also an irreducible
model of R. The elimination of one or many atoms from a model preserves the positive atomic sentences
entailed by the model, i.e. any elimination of atoms from M still models R™ U S. Therefore, since M is an
irreducible model of Rg after the elimination of an atom the model spawned by the remaining atoms should
not satisfy at least one negative atomic sentence in R~, which means that M is an irreducible model of R.
(ii) We have assumed R is an embedding set of P so there are models of R for each solution S. These
solution models are the models of Rg. We can find irreducible models for any set of atomic sentences, so Rg
should have irreducible models and according to part (i) these models are also irreducible for R. Therefore,
we can find for each solution S an irreducible model of R that models S.

(iii) If the embedding is tight the non-redundant atoms of the freest solution model Fg = Fo(RTUS) are all
non-redundant atoms of Fo(R™). It is clear that Fs = Rg. We start with Fg atomized with non-redundant
atoms and select a subset M of the atoms of Fg that suffice to satisfy R~ and such that it cannot be made
smaller, i.e. an irreducible model of Rg. From part (i), M is an irreducible model of R and is atomized by
non-redundant atoms of Fg(RT). O
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11 Context Constants

Context constants are useful to build explicit embeddings that can be used in practice. In lemma 10 a
different context constant g, is used for each duple o. We will see in this section that we can reuse some of

our context constants and still obtain an explicit embedding.
Consider the following observation:

Lemma 10 holds if duples ¢’ are defined as ¢/ = (a < b® g) where the same constant ¢ is used for every

o (instead of a different constant g, ).

Proof. The restriction to C' of Mg/ should be equal to M as the duples of the form ¢’ have no consequences
in the space spawned by the constants in C. With the new definition for ¢’ the proof of lemma 10 still
holds step by step. We get to a model Mp = Mg U {¢, v X} where X is some set of atoms and ¢, is an
atom with an upper constant segment equal to g. From here it follows immediately that Mr C— Mg/ and
Mp = M;C. O

Lemma 11 is simpler than lemma 10 as it uses a single “context constant” but it is also weaker than

lemma 10. In fact, we cannot prove theorem 22 from it. A stronger version of 10 is the following:

Let M be a semilattice model with constants C and R = {o; : i € I} a set of positive duples over C
indexed by a set I and let Mg = Fo(Th (M)UR). Extend the constants with an additional set of (context)
constants G disjoint with C, to an extended set C' = C'U G and for every duple o; = (a; < b;) of R define
one or many duples o; = (a; < b; ® gi;) where g;; € G. Let R’ be the set of such duples o}; and let
Mp = For(Thg (M) U R'); then Mg C Mg/ and the restriction and grounding to C' satisfy MIS = M and
M ];,C ~ MRp respectively.

Lemma 11 can be proven in the same way as lemma 10. This lemma says that we can use the same
context constant for all the duples or one context constant for each duple or any choice of context constants

in between. In addition, a duple o of R can have in R’ one or many ¢’ by using one or many constants in

G=C-C.

Theorem 22 implies that we can find the freest solution model of every solution S by calculating the
grounding Ng = Fer(RT UTY) Cs to some subset Cs € €. We proved theorem 22 from lemma 10 and
we can also prove it from lemma 11 although not every choice of context constants works in this case. We
will need a set of context constants sufficiently large to “separate” every solution S of the problem P as the

grounded model to some subset Cg:

Theorem 25. Let R be an embedding set over C for a problem P with interpretation (Q, v,T') and a scope
sentence = that is a first order sentence without quantifiers and with atomic subclauses in the separator set
I. Assume C is extended to C' = C' UG with an additional set of (context) constants G, disjoint with C' and
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such that for each o; = (a; < b;) in the separator set T' there is one or many a;j = (a; < b; © g45) in a set
I where g;; € G.

The embedding R UT’ over C' is explicit if and only if for each solution S C T' there is at least one set
Gs C G of context constants such that:

-if o €I appears as o' € I using a context constant from Gg then o € S, and

- for every o € S there is at least one o’ € T’ that uses a context constant in Gg.

Proof. We can follow the steps of the proof of theorem 22. To build this proof we relied on a diagram that
requires the existence of a subset of constants C's. We can relax the requirement of having a different context
constant for each atomic sentence o in I' as long as there is still a suitable subset Cg of the extended set of
constants C’. We claim that C's = C' — Gy is such suitable subset.

In the proof of theorem 22 we had Ng = For (R UF’)VCS where Ng is a freest solution model for S. For this
equality to hold, a o’ € T that uses a context constant in the set C' — Cs (i.e. in Gg) should correspond to
a o € 9, otherwise the grounded model Fe:(RT UT’ )VCS would satisfy a positive duple that is not satisfied
by the freest solution model of S. We also need for every o € S at least one o’ € TV that uses a context
constant in ¢’ — C'g otherwise the grounded model For (R UTY) Cs does not satisfy o € S and it cannot

be a solution model of S. O

It may seem at first glance that in order to use theorem 25 we need to know the solutions S in advance,
but this is not true. We use theorem 25 to reduce the number of context constants in the vertical bar and

the hamiltonian graph embeddings without knowing the solutions.
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13 Notation

We use repetition of subscripts (Einstein notation) such as V;z; to mean \/?:afi for some omitted limits a

and b when a and b are obvious. Sometimes we just omit one of the limits, for example we write \/fa:l

We use Thg (M) to refer to the set of all positive atomic sentences satisfied by M and Thy (M) to refer
to the set of all positive atomic sentences not satisfied by M. We read them as the positive or negative

theory of M with 0 quantifiers.

We say that a model M has an atom ¢ if either ¢ is a non-redundant atom of M or ¢ is redundant with
M. If a model M has an atom or not is independent of its atomization. We sometimes write ¢ € M. If M

has an atom ¢ then we say that it ¢ is in M or is an atom of M.
If an atom ¢ is not in M we say that it is out of M or that is external to M.

With respect to a model an atom can be in three possible situations: it can be external to the model,

it can be a non-redundant atom of the model or it can be a redundant atom with the model.

We say that an atom is in M, written ¢ € M, if ¢ is a non-redundant atom in M or if it is redundant
with M. An atom is universally defined independent of the model. With respect to a model an atom can be
in three situations: it is either a non-redundant atom in the model OR redundant with the model OR out
of the model.

We often use the same letter for a model and its atomization. Since redundant atoms can be discarded
from an atomization and the remaining set of atoms still spawns the same model there are many valid
atomizations of a model. We use the same letter for a model and for its atomization when the particular
atomization chosen is not relevant. Alternatively, we can consider that a set of atoms that has the same

name than the model they spawn contains all the atoms of the model.

A model M is a subset model of N, written M C N if every atom that is in model M is in model N. A
model M is a tight subset model of N, written M C N if the non-redundant atoms of M are a subset of the
non-redundant atoms of N. We use [J,, M to represent the result of full-crossing w on M. The crossing of
a duple w on a model M produces a strictly less free model. Any atom of [,,M is either a non-redundant

atom of M or redundant with M, i.e. is in M and we can write O, M C M.

We say a sentence = has no negative subclauses if once is expressed in disjunctive normal form it only

has positive subclauses.
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