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Executive summary

Algebraic Machine Learning (AML) is a machine learning technique based on algebraic representations of
data. Unlike statistical learning, AML algorithms are robust regarding the statistical properties of the data,
can use soft and hard constraints and are parameter-free. The aim of the EU-funded ALMA project is to
study the mathematical properties of AML and to leverage them to develop a new generation of interactive
human-centric machine learning systems. These systems have the potential to minimize bias and facilitate

trust while better enabling distributed collaborative learning.

This is Deliverable D2.3 - AML Complete Foundations of the ALMA project, consisting initially in the
submission of a manuscript of AML Foundations to a journal. We have found more suitable the submission

of three manuscripts.

In the manuscript Finite Atomized Semilattices, we extend finite semilattices to atomized semilattices
by adding additional elements (atoms). We give the full crossing operator to include new information into
the model and define redundant atoms. In the manuscript Semantic Embeddings in Semilattices, we define
semantic embeddings into semilattices and introduce four different kinds of embeddings, and show how
to use atomized semilattices to characterize them. In Infinite Atomized semilattices, we extend atomized
semilattices to the infinite case. In this report, we give an explanation of the main results of these submitted

manuscripts.
The manuscripts are:

F. Martin-Maroto and G. G. de Polavieja, Finite Atomized Semilattices, submitted. See also arXiv:2102.08050
(link)

F. Martin-Maroto and G. G. de Polavieja, Semantic Embeddings in Semilattices, submitted. See also
arXiv:2205.12618 (link)

F. Martin-Maroto, Antonio Ricciardo, David Mendez and G. G. de Polavieja, Infinite Atomized Semi-

lattices, submitted.
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We are submitting three manuscripts for publication. In the following, we give a description of each of

these manuscripts.

1 Mathematical foundations of AML I: Finite atomized semilat-

tices

In our manuscript Finite Atomized Semilattices we introduce a new methodology to describe and compute
semilattices. Finite atomized semilattices extend finite semilattices with additional elements (atoms). In
addtion to the atomic representation of semilattices, the methodology also consists in the full crossing
operator which computes congruences of a semilattice model expressed in its atomic form. This is central
to the methodology because it allows the modification of a semilattice to incorporate a new fact to be
“learned”. The atomic representation differs considerably from the more common representations based on
graphs. The atomic representation allows the calculation of very large semilattices and is ideal to work
with evolving models. We depart from the most basic practice of naming elements in the semilattice as it
is no longer convenient when models change. Instead, a set of generator constants and a term from the
freest model (the term algebra) is used and the atomic representation provides the information needed to
stablish the mathematical properties of the element represented with the term. A term identifies an element
across evolving models. In the manuscript, various properties of the atomic representation are described.
The connection of the atomic representation and a subdirect product representation is established as well
as the mapping of the atoms with subdirectly irreducible components of the semilattice algebra. Another
concept introduced in Finite Atomized Semilattices is the concept of redundant and non-redundant atom.
The non-redundant atoms can generate the redundant atoms so we only need to worry about the first when
doing calculations. This is useful in practice as there are exponentially many more redundant atoms than

non-redundant.
These results have been sent to the arXiv as a technical report:
F. Martin-Maroto and G. G. de Polavieja, Finite atomized semilattices, arXiv:2205.12618 (link)
And has been submitted as:

F. Martin-Maroto and G. G. de Polavieja, Finite Atomized Semilattices (submitted)

2 Mathematical foundations of AML II: Sematic embeddings in

semilattices

The manuscript Semantic Embeddings in Semilattices explains how to encode a problem in a semilattice and
how to find its solutions from the problem description alone. The manuscript uses the atomic representation
for calculations and also for the theoretical work. This makes clear the power of the atomic representation
not only as a calculation tool but also as a theoretical device. The manuscript starts by explaining the idea

of a semantic embedding in a semilattice. Then, four types of embeddings are described: concise, complete,
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tight and explicit. An embedding can belong to various of these types at the same time. Their mathematical
properties differ considerably so theorems in the document often start with “assume the embedding is
complete” or “assume the embedding is not concise”, and so on. The manuscript gives semantic embeddings
for four problems. For each problem, we start with the simplest embedding and then build upon it to create
better semantic embeddings with more convenient properties. We start with the relatively simple problem
of generating images with vertical bars in them, and then we give embeddings for the N-Queen Completion
problem, Sudoku and the Hamiltonian Path problem. The main takeaways from the paper are: - It is possible
to construct useful semantic embeddings for complex problems in a minimalist algebra such as a semilattice.
- For tight embeddings, we can find models for every solution of a problem in the set of irreducible models of
the embedding atomized with non-redundant atoms (theorem 24). In other words, for a tight embedding of
a problem, the solutions of the problem are given by subsets of the non-redundant atoms of the freest model
of the embedding theory. In this way, we have moved from searching for a needle in a haystack to searching
for any needle among many needles in a box of matches. - Theorem 22 describes a practical mechanism
to make every embedding tight. The embeddings given in the document can be used in practice to find
solutions to the various problems considered. For example, it is possible to resolve sudokus and to invent
new sudokus using the embedding provided. Particularly interesting is the possibility of finding Hamiltonian

paths in practice.
These results have been sent to the arXiv as a technical report:

F. Martin-Maroto and G. G. de Polavieja, Semantic Embeddings in Semilattices, arXiv:2205.12618
(link)

And has been submitted as:

F. Martin-Maroto and G. G. de Polavieja, Semantic Embeddings in Semilattices (submitted)

3 Mathematical foundations of AML III: Infinite atomized semi-

lattices

This manuscript extends the results of the manuscript Finite Atomized Semilattices to the infinite case. We
introduce the axiomatization of possibly infinite atomized semilattices and show that it still makes sense in
the infinite setting. We also discuss how to keep track of generating elements of a semilattice, which we
call constants, across algebras of terms and how our axioms allow us to identify atoms across every model
generated by the same constants. The concepts of the finite case are extended to the infinite case: full
crossing operator and atom redundancy. In the infinite case, we require two different notions of redundancy:
redundancy and weak redundancy. In the case of complete semilattices (which includes finite semilattices),
they are equivalent concepts, but not in the general case. In the finitely generated case, we show that

semilattices admit atomizations consisting exclusively of non-redundant atoms.

This work may by of interest for applied and pure mathematicians. Most importantly, it provides the

necessary basis to extend AML to other algebras beyond semilattices, which has been the main motivation
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for this effort. Examples of such algebras (which are intrinsically infinite) include continuous semilattices,
semilattices extended with unary operators and structures with multiple idempotent operators. The practical
potential of algebraic machine learning on such algebras is considerable. For example, we already use this
work for continuous semilattices which allowed us to make AML practical for problems using real-valued
data.

These results have been submitted as:

F. Martin-Maroto, Antonio Ricciardo, David Mendez and G. G. de Polavieja, Infinite Atomized Semi-
lattices (submitted)
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